SOME APPLICATIONS OF SUPERCOMPACT
EXTENDER BASED FORCINGS TO HOD.

MOTI GITIK AND CARMI MERIMOVICH

ABSTRACT. Supercompact extender based forcings are used to
construct models with HOD cardinal structure different from those
of V. In particular, a model where all regular uncountable cardi-
nals are measurable in HOD is constructed.

1. INTRODUCTION
In [3] the following result was proved:

Theorem. Suppose k < A are cardinals such that cf(k) = w, A is
inaccessible, and k is a limit of A\-supercompact cardinals. Then there
1s a forcing poset @) that adds no bounded subsets of k, and if G is
Q-generic then:

o \ = (kH)VIC,

e Every cardinal > X is preserved in V[G].

e For every x C k with x € V[G], (7)1Pty < .

The supercompact extender based Prikry forcing, developed by the
second author in [§], is applied to reduce largely the initial assumptions
of this theorem and to give a simpler proof. Namely, we show the
following;:

Theorem 1. Suppose k is a <A-supercompact cardz'naﬂ and X is an
inaccessible cardinal above k. Then there is a forcing poset Q that adds
no bounded subsets of k, and if G is Q)-generic then:

o \= (/-i+)v[G].
e Lvery cardinal > X is preserved in V[G].
e For every x C k with x € V[G], (k7)7Pt=1 < ).
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LA cardinal & is said to be <A-supercompact if there is an elementary embedding
j:V — M such that M is transitive, critj = &, j(k) > A\, and M D <AM.
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o cf 0Py o —

Actually, assuming the measurability (or supercompactness) of A in
V', we obtain that (x7)"I% is measurable (or supercompact) in HOD ;.

In [2], a model with the property ()19 < o, for every infinite
cardinal o was constructed. We extend this result, using the super-
compact extender based Magidor forcing of the second author [9], and
show the following:

Theorem ﬂ Assume there is a Mitchell increasing sequence of ex-
tenders (E¢ | € < X) such that \ is measurable, and for each & < A,
crit(je) = &, Me D “*M, and Mg D Vyyo, where je : V — Ult(V, Ef) ~
M s the natural embedding. Then there is a model of ZFC where all
reqular uncountable cardinals are measurable in HOD.

The work [I] obtained results similar to our last theorem using iter-
ation of Radin forcing together with Cardinal collapsing.

This may be of some interest due to the following result of H. Woodin
[10]:

Theorem (The HOD dichotomy theorem). Suppose § is an extendible
cardinal. Then exactly one of the following holds:

(1) For every singular cardinal v > &, 7y is singular in HOD and v+ =
(y*+)HOD

(2) Every reqular cardinal greater than ¢ is measurable in HOD.

However, we do not have even inaccessibles in the model of the-
orem [2| It is possible to modify the construction in order to have
measurable cardinals (and bit more) in the model. We do not know
how to get supercompacts and it is very unlikely the method used will
allow model with supercompacts.

The structure of this work is as follows. In section [2| we give defini-
tions and claims about HOD and homogeneous forcing notions which
are well known. In section [3] we prove theorem [I] In section [4 we prove
theorem [2

We assume knowledge of large cardinals and forcing. In particu-
lar this work depends on the supercompact extender based Prikry-
Magidor-Radin forcing.

2This result was presented at the Arctic Set Theory Worshop 2 in Kilpisjarvi,
Finland, February 2015.
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2. HOD BACKGROUND

Definition 2.1. Let M be a class. The class OD;; contains the sets de-

finable using ordinals and sets from M, i.e., A € OD,, iff there is a for-

mula p(z,x1,. .., Tk, Y1, - - -, Ym), ordinals B, aq,...,ax € On, and sets

ai,...,am € M,suchthat A ={a € Vs | V3 E vla,aq,...,0p,a1,...,an)}
The class HOD,,; contains the sets which are hereditarily in OD,,,
We write OD and HOD for ODy and HODy, respectively.

Note, if A € OD is a set of ordinals then A € HOD.

We will work in HOD of generic extensions, hence the relation be-
tween V[G] and HODY!?) where V[G] is a generic extension, will be
our main machinery.

Our main tool will be forcing notions which are homogeneous in some
sense. A forcing notion P is said to be cone homogeneous if for each
pair of conditions py,p; € P there is a pair of conditions p§,p; € P
such that p§ < po, pi < p1, and P/p} ~ P/p}.

A forcing notion P is said to be weakly homogeneous if for each
pair of conditions pg, p; € P there is an automorphism 7 : P — P so
that m(pg) and p; are compatible. It is evident a weakly homogeneous
forcing notion is cone homogeneous.

An automorphism 7 : P — P induces an automorphism on P-terms
by setting recursively w((7,p)) = (7w (7), 7(p)).

Note ground model terms are fixed by automorphisms, i.e., 7(%) = Z,
in particular for each ordinal «, m(&) = d.

An essential fact about a cone homogeneous forcing notion P is that
for each formula @, either IFp p(a, ..., q) or lFp =p(ay, ..., qp). If in
addition the forcing P is ordinal definable then we get HODVI®! C v,
where G is P-generic.

In [4] it was shown that an arbitrary iteration of weakly (cone) ho-
mogeneous forcing notions is weakly (cone) homogeneous under the
very mild assumption that the iterand is fixed by automorphisms. For
the sake of completeness, we show here a special case of this theorem,
which is enough for our purpose.

Theorem 2.2 (Special case of Dobrinen-Friedman [4]). Assume (P, Q3 |
a <k, B < k) is abackward Easton iteration such that for each 5 < K,
I p, “QB is cone homogeneous” and for each py,p1 € Ps and automor-
phism 7 : Pg/py — Pg/p1, we have IFp, “7r_1(QB) = Qg ”. Then P,
is cone homogeneous.
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Proof. Fix two conditions pg, p1 € P.. We will construct two conditions
p5 < po and p < p; such that P,/py ~ P./pi, by which we will be
done. The construction is done by induction on o < k as follows.
Assume a = S+ 1, pjl3, pi [@, and g :_Pg/pgfﬁ ~ Py/pi|p were
constructed. We know I-p, /615 “Qp = ng(Qg) is cone homogeneous”.
Let ps : Qs — Qg be a function for which 7[G] = pp(7)[m3G] holds,
whenever G C Pg is generic and 7[G] € Q[G]. If both py(3) and py(3)
are the maximal element of Q5 then let pf(5) and p* () be the maximal
element of QB and let 03 = id be the trivial automorphism of QB- If
either po(B3) or pi(B) is not the maximal element of QB then use the
the cone homogeneity of Qg to find Pg-names pi(8), pi(B), and dg,

such that pi[8 IFp, “pg(B) < po(B)”, pilB IFp, “pi(B) < p1(B)”, and

o5 1 Qa/pi(B) =~ Qg/pgl(p’{(ﬁ)) is an automorphism. Whatever way
o was constructed define the automorphism g4, by letting mg11(s) =
(ma(518), pa(G3((3)))), for each s < pyl5+1.

Assume « is limit and for each 8 < a we have pj[5 < polB, pilf <
mB, and mg @ Pg/pilf ~ Ps/pilf is an automorphism such that
ng| Pg = mg, whenever ' < f. For each s < p§la let m,(s) € P, be
the condition defined by setting for each 5 < a, m,(s)(8) = ma41(s[ S+
1(5) .

The following claim is practically the successor case of the previous
one. It is useful when we will have automorphism of forcing notions
which are not necessarily cone homogeneous.

Claim 2.3. Assume Py and P, are forcing notions with my : Py — P,
being an isomorphism. Let Qo be a Py-name of a cone homogeneous
forcing notion such that IFp, “Qo = Q1”, where Q1 = m(Qo).

Then for each pair 1 % qy € Py % Qg and 1 x ¢ € Pp Ql there
are stronger conditions 1 * ¢5 < 1% ¢y and 1 *¢; < 1% ¢, such that
PyxQo/1xq} ~ P xQ1/1x*d;.

Proof. Note there is a function p taking Fjy-names to P;-names such
that 4o[Go] = p(do)[G1], where Gy C Py is generic and G; = 7 Go.

Set ¢/ = p~'(¢1). By the cone homogeneity of @ in V' there are
stronger conditions ¢ < o and ¢ < ¢, for which there is (a name
of) an automorphism m : Qo/d; — Qo/dy. Set ¢& = p(¢)%. Since
for generics Gy, Gy as above we have Qo/¢*[Go] = Q1/¢;[G1] we get
m(p*q) = mo(p) * (pom(q)) is the required automorphism. O

While the forcing notions we will use are cone homogeneous we will
deliberately break down some of their homogeneity. The relation be-
tween HODVI®! and V will be as follows.
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Claim 2.4. Assume P is an ordinal definable cone homogeneous forc-
ing notion. Let m : P — @ be a projection. Assume that for each
condition p € P, ordinals aq, ..., € On, and formula o, if p IFp
o(ay,..., o) then 7(p) IFq (o, ..., ;). Then HODVl C Vr(@)),
where w(G) is the upward closure of ©"G.

Proof. Assume IFp “A C On and A € HOD”. Let G C P be generic.
Then in V|G| there are ordinals a4, . . ., aq, 5 such that for each a € On,

a € AlG] <= ViE p(a,ay,...,o).
Let X§ U X} C P be a maximal antichain such that for each p € X,
plF Vi E —pla,aq,...,0q)",
and for each p € X7,
plF “ViEola,ag,...,0)".
Let A’ be a Q-name defined by setting for each p € X§U Xy
m(p) kg ‘a € A7 = plFp “a € A”.

Since (X U X®) is predense in Q we get A'[7(G)] = A[G], by which
we are done. O

Let C(7, ) be the Cohen forcing for adding u subsets to 7, i.e.,
C(ryu) ={f:a—2]aCpu, |a] <7}. The following is well known.

Claim 2.5. C(7, ) is cone homogeneous.

Proof. Assume f,g € C(7, ) are conditions. Choose stronger condi-
tions, f* < f and g* < g, such that dom f* = dom ¢* = dom fUdom g.

Define 7 : C(7, )/ f* — C(1, 1) /g* by setting w(f') = g* U (f'\ f*) for
each f' < f*. It is obvious 7 is an automorphism. O

The following is immediate from the previous claim and theorem [2.2]

Claim 2.6. The Faston product of Cohen forcing notions is cone ho-
Mogeneous.

3. THE COFINALITY w CASE

Let us switch to the cone-homogeneity of the Extender Based Prikry
forcing. FExtender based Prikry forcing was originally developed in
[5]. We use a revision of the forcing where the extender can witness
supercompactness. This was first developed in [§]. At the suggestionﬂ
of the referee we add intuitive explanation of the extender based Prikry

3The suggestion was for a short intuitive explanation, really.



6 MOTI GITIK AND CARMI MERIMOVICH

forcing. We will do so by introducing definitions going gradually from
the Prikry forcing to the extender based Prikry forcing.

We begin with a definition of Prikry forcing which is more cumber-
some than the standard definition. When generalizing to the extender
base Prikry forcing this cumbersome definition becomes simpler than
the standard definition of the extender based forcing.

Assume j : V — M is an elementary embedding such that crit(j) =
k, M 2 "M, and k is its sole generator. Define the measure U by
letting for each A C &,

AelU <= ke j(A).

Recall that a condition in Prikry forcing is of the form (¢, A), where
t € ¥k is a finite increasing sequence and A € U. We can always
assume that for each ordinal v € A, v > maxt. The condition (t, B)
is said to be a direct extension of the condition (¢, A) ({t, B) <* (t, A))
in this forcing if B € A. Let v € A be an ordinal. Then (t,A)) =
(t™(v), A\ (v+1)). We say the condition (t, A), is a 1-point extension
of (t, A). By recursion define the n+ 1-point extension of the condition
(t, A) tobe ({t, A) wo,...vn_1)) (wn)- We say the condition (s, B) is stronger
than the condition (¢, A) if there are (vy,...,v,—1) € ““A such that
(s, B) <* (t,A)(wo,..pn_1)- This is clearly a valid definition of Prikry
forcing. If G is the generic object then letting to = (J{t | (t, A) € G}
we get that to is an w-sequence cofinal in k.

Let us define again Prikry forcing, increasing the level of cumber-
someness. Starting from the same assumption as above proceed as
follows. Define the measure U by letting for each A C {#}g,

AcU < {{i(r),r)} € j(A).

Note a typical function v € A is of the form v : {k} — k. Define
now a condition in Prikry forcing to be of the form (f, A), where f :
{k} — <“k is a function such that f(v) is a finite increasing sequence,
and A € U. Note we can assume for each v € A, v(k) > max f(k).
The condition (f, B) is said to be a direct extension of the condition
(f,A) ((f,B) <* (f,A)) in this forcing is if B C A. Assume (f, A)
is a condition and v € A is a function. Define the function fi,y by
letting f) (k) = f(k) = (v(k)). Define the set of functions in A which
are above v as Ayy = {p € A | pu(k) > v(k)}. A 1-point extension
(f, A)wy of (f, A) is defined to be (fuy, Awy). By recursion define the
n+ 1-point extension of the condition (f, A) to be ({f, A) wo,...on_1)) wn)-
We say the condition (g, B) is stronger than the condition (f, A) if
there is (vg, ..., vp—1) € ““A such that (g, B) <* (f, A)e....sn_1)- This
is clearly a valid, if somewhat bizarre, definition of Prikry forcing. If
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we let G be the generic object and define the function fo : {x} — “k
by setting fo(k) = U{f(r) | {f, A) € G}, then fg(k) is an w-sequence
cofinal in k.

Staying in the previous context, let us choose an ordinal a < j(k).
There is a function F' in the ground model such that j(F')(k) = «. Then
F” fa(k) is a sequence Prikry generic for the measure W generated by
a. We can, however, generalize somewhat the forcing so as to be able to
read directly the generic sequence corresponding to a from the generic
object. For this define the measure U by letting for each A C {#adg,

AeU < {(j(r),r), (i(a),a)} € j(A).

Note a typical function v € A is of the form v : {k,a} — & such that
v(k) < v(a). Define now a condition in Prikry forcing to be of the form
(f,A), where f : {k,a} — <“k is a function such that both f(x) and
f(a) are finite increasing sequences, and A € U. Note we can assume
for each v € A, max f(k) < v(k) and max f(«) < v(a). The condition
(f, B) is a direct extension of the condition (f, A) ((f, B) <* (f, A))
in this forcing if B C A. Assume (f, A) is a condition and v € A is a
function. Define the function f,, by setting

fuy (k) = f(r) ™ (v(K))

and

fuy(a) = fla) ™ (v(a)).

Set Apy = {u € A | u(k) > v(e)}. Then define the condition
(f, A)wy to be (fuy, Apy). We say the condition (f, A), is a 1-point
extension of (f, A). By recursion define the n + 1-point extension of
the condition (f, A) to be ({f, A)wo,..vn_1)) @) We say the condition
(g, B) is stronger than the condition (f, A) (( B) < (f,A)) if there
is (g, ..., Vn_1) € ““A such that (g, B) <* (f, A) (o,m_1)- The above
is clearly a valid, if strange, definition of Prikry forcing. Lettmg G be
the generic object we define the function fg : {k,a} — “k by setting

= J{f(r) | (£, A) € G}

and

= J{f (@ ) € G},

Then both fq(k) and fG(a) are w-sequences cofinal in x.
Of course, seeing the above one can immediately generalize to any
less than x ordinals below j(k), which still leaves us in the realm of
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Prikry forcing. Thus fix d € ~"j(k). It is technically useful to assume
K € d. Define the measure U by letting for each A C 4k,

AelU = {{j(a),a) | aed} e j(A).

A typical function v € A is of the form v : d — k and for each
a, € d such that o < [ we have v(a) < v(f). While it is not terribly
important now, it should be observed that we also have |v| < v(k).
Define now a condition in Prikry forcing to be of the form (f, A), where
f:d— =¥k is a function such that for each a@ € d we have f(«a) is
increasing, and A € U. Note if v € A we can assume for that each
a € d we have max f(a) < v(a). The condition (f, B) is said to be a
direct extension of the condition (f, A) ((f, B) <* (f, A)) in this forcing
if B C A. Assume (f, A) is a condition and v € A. The function f,
is the function defined by setting for each o € d,

fiy (@) = fl@) ™ (v(a)).

Set Ay = {pn € A | u(k) > v(a) for each a € d}. Then define the
condition (f, A)u) to be (fuy, Awy). We say the condition (f, A),
is a 1-point extension of (f, > By recursion define the n + 1-point
extension of the condition (f, A) tobe ((f, A)wo,..on_1)) (). We say the
condition (g, B) is stronger than the condition (f, A) (< B) < (f, A))
if there is (vg,...,vy_1) € ““A such that (g, B) <* (f, A) oo 1)-
The above is still a valid definition of Prikry forcing. Letting G be the
generic object and defining the function fs : d — “k by setting for
each a € d, fo(a) = U{f(a) | (f, A) € G}, we get that for each a € d,
fo(a) is an w-sequence cofinal in k. Note the function fg defined here
is found in the generic extension of the standard Prikry forcing.

In fact, one can use in the previous definition also sets d of size k.
The usefulness of the ultrafilter U is more apparent in this case, when
one views a typical function in a measure one set. Thus fix d € "j(k).
It is technically useful to assume x € d. Define the measure U by
letting for each A C | J{¥s | d' C d, |d'| < K},

AeU < {{j(a),a)|acd e jA).

A typical function v € A is of the form v : domv — k (note dom v
and not d!), where domv C d, and for each «, 5 € dom v such that
a < [ we have v(«a) < v(f). Moreover, |domv| < v(k). Define now a
condition in Prikry forcing to be of the form (f, A), where f :d — <“k
is a function such that for each a € d we have f(«) is a finite increasing
sequence, and A € U. We can always assume that for each v € A we
have max f(a) < v(«) for each a € dom v The condition (f, B) is said
to be a direct extension of the condition (f, A) ((f,B) <* (f, A)) in
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this forcing if B C A. Assume (f, A) is a condition and v € A is a
function. Define the function f, by setting for each o € d,

o) — fla) ™ (v(a)) « € domu,
fun(@) {f(a) a ¢ domv.

Set Apy = {p € A | u(k) > v(a) for each @ € domv}. Then define
the condition (f, A)qy to be (fuy, Awy). We say the condition (f, A)
is a 1-point extension of (f, A). By recursion define the n + 1-point
extension of the condition (f, A) to be ((f, 4A)wo,..vn_1)) ). We say
the condition (g, B) is stronger than the condition (f, A) if there is
(Mo, ..., Vn—1) € ““A such that (g, B) <* (f, A) i, .vn_1)- The above
is still a valid definition of Prikry forcing. Letting G be the generic
object and defining the function fs : d — “k by setting for each a € d,
fola) =U{f(a) | (f,A) € G, a € dom f}, we get that for each a € d,
fa(a) is an w-sequence cofinal in k. Defining the function fg as in the
previous paragraph we get k cofinal w-sequences, but still all of them
are generated by fa(k).

Since the ultrapower M is closed only under x-sequences, one cannot
enlarge d to be of size greater than x while keeping the nice properties
of Prikry type forcing notions. However, we can use conditions with
different domains, thus adding sequence corresponding to each of the
ordinals below j(x). The domain change, however, causes the forcing
to be non-isomorphic to Prikry forcing. Thus if d € "j(k) then define
the measure Uy by letting for each A C | J{?s | d' C d, |d'| < Kk},

AeU; = {{j(a),a) | aed} e j(A).

Define now a condition in the forcing to be of the form (f, A), where
f :dom f — <“k is a function such that for each a € dom f, f(a) is
a finite increasing sequence, dom f € "j(k), and A € Ugomys. If d C e
and A € U, then set Ald = {v|d | v € A}. The condition (g, B) is said
to be a direct extension of the condition (f, A) ((f,B) <* (f, A)) in
this forcing if ¢ O f and Bl dom f C A. Note this definition of the
direct order is a major change from all previous definitions. In
fact the direct order is a Cohen forcing for adding j(x) subsets
to k. Assume (f, A) is a condition and v € A is a function. The
function f,y is defined by setting for each o € dom f,

o) = fla) ™ (v(o)) «a € domv,
fale) {f(a) a ¢ domw.

Given a set A € Uy set Ayy = {p € A | p(k) > v(a) for each o €
domwv}. Then define the condition (f, A)y) to be (fu), Awy). We
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say the condition (f, A).) is a l-point extension of (f, A). By re-
cursion define the n + 1-point extension of the condition (f, A) to be
((f, A)(wo,.om_1)) (vm)- We say the condition (g, B) is stronger than the
condition (f, A) ((g, B) < (f, A)) if there is (g, ..., V1) € ““A such
that (9, B) <* (f, A)wo,...n_.)- This forcing notion is no longer
Prikry forcing. Using the same definition of f; as before we get
j(k) cofinal w-sequence into k. However, while each of the sequences
appears in a generic extension by Prikry forcing, the function fg itself
does not belong to a Prikry generic extension.

The point of the previous forcing is that nothing restricts us from
using it with elementary embeddings with many generators, thus we
get the extender based Prikry forcing. Thus assume j : V. — M
is an elementary embedding such that crit(j) = x, M O "M, and
K < A < j(k) is a cardinal in V. Using the previous definition with
conditions (f, A) such that dom f € "\, we get that A-many new w-
sequences cofinal in k appear in the generic extension, thus 2 = g* >
A. Working out the proof we get that no cardinals are collapsed, 2% = X,
and cf Kk = w.

The final generalization achieved so far, along the lines above, is to
begin with elementary embedding with even more closure properties,
ie., j:V — M such that crit(j) = x and M D “*M, where A > &
and then work out the definition above to use d of arbitrary size below
A. This yields a generic extension in which c¢fx = w and 2% blows
up to whatever cardinal the model M catches beginning with A up to
j(k). However, the cardinals above k and below \ are collapsed in this
extension., which is to be expected when using a < A-supercompact
cardinal.

Let E be an extender as in [§]. Let Pg be the extender based Prikry
forcing derived from E. We show Pg is cone homogeneous.

Claim 3.1. For each pair of conditions pg,p1 € Pg there are direct
extensions py <* po and p; <* py such that Pg/pi ~ Pg/p;.

Proof. Set d = dom fP° U dom fP*. Set f5 = fr U {{a,()) | a €
d\ dom f} and ff = f U {(,()) | @« € d\ dom fP'}. Choose a
set A C Wiéomfpg(/lpo) N W;éomfpl (AP') so that both p§ = (fF, A) and
p; = (ff, A) are conditions. Define 7 : Pg/p5 — Pg/pj by setting
for each p < pf, 7(p) = <fp1& y U (fPI(dom f7 \ d)), A?), where

<V07"'»l/n—l
(o, Vp1) € <YAP and p <* Potwe,..m_1y- We claim 7 is an iso-
morphism. Note the condition p and 7(p) are mostly identical. The

condition 7(p) can differ from p when a € d and £ () differs from



SOME APPLICATIONS OF SUPERCOMPACT EXTENDER BASED FORCINGS TO HODL

fP(a). Thus the one point which is not trivial is that 7 is order pre-
serving.

Assume p < g < p§. We show 7m(p) < m(q). We need to show there
is 7 € <A™ such that 7(p) <* 7(¢)(». Choose 7 € A? = A™@ such
that p <* q(5. For the measure one sets we get at once

A} dom f7 = AP| dom f7 C A, = AT\,
For the functions we have the following. If o € dom f™® \ d then
FTP(a) = f7(a) = fU(a) ™ (#(a)) = ["D(a) = (7(a)) = [MPO(a).

If a € d then there is i € AP0 = <“APi such that ¢ <* Pogay> thus
p <* p&lrﬁ), hence

f (@) = friem(a) = fi () =
I9(a) = 79 (a) ~ (#(a)) = f7D (a).
O

For a generic filter G C Pg define the function fg by setting fo(a) =
U{f?(a) | p € G,a € dom f*}.

Let us define the Easton products we are going to work with. Let
A C On be a set of ordinals. Let C, 4 be the Easton product of
the Cohen forcing notions yielding, in the generic extension, for each
& <supA,

2% =
X+£+2 fng

When forcing with C, 4 we will choose x to be large enough so as not to
interfere with our intended usage. Due to the (cone) homogeneity of Pg,
the sequences forced by Pg are not in HOD""?. We would like to break
the homogeneity of P so as to have the Prikry sequence enter HOD"'.
We will achieve this by coding the Prikry sequence into the power set
function. We will want the Cohen forcing used to be stabilized by
reasonable automorphisms of Pg.  Let Pg(,) be Prikry forcing using
the measure E(k). Define the function s : Pg — Pg(, by setting
s(p) = (fPI{x}, AP[{k}), where AP[{r} = {v[{x} | v € AP}. Note
Pg) € Pg. Assume a pair of conditions p,q € P are compatible
in Pg. Le., there is a condition r <p_ p,q. Then s(r) <p, p,q, hence
s(r) <Pug D4 Hence a maximal antichain in Pg,) is also a maximal
antichain in Pg, thus the function s is a projection. Thus if G C Py is
generic then "G is Pg.-generic.

e+l {X+£+3 €A,
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Until the end of the section set P = Py * vafc(f@)'

Claim 3.2. Assume (po, o), (p1,d1) € P are conditions such that s(pg)
and s(p1) are compatible. Then there are extensions, (py,d5) < (Po, qo)

and (p, ¢i) < (p1, 1), such that P/(pj, 45) ~ P/(pi. 7).

Proof. Since s(pg) and s(p;) are compatible, we can choose conditions
ph < po and p) < p; such that fPo[{x} = f*1[{x}. By claim there
are direct extensions pj <* pf, and pj <* p} such that my : Pgr/pj ~
P /pi is an automorphism. Since C, ;) = 7(Cy s (x)), where G C Ppg
is generic, we are done by claim [2.3 O

The following is immediate from the previous claim.

Corollary 3.3. Assume a, oy, ..., 0, € Onand (p,q) IFp (o, a1, ..., a,).
Then (s(p), 1) IFp (o, aq, ..., ay).

Proof. In order to show (s(p),1) IFp @(a,aq,...,q,) we will show a
dense subset of conditions below (s(p), 1) forces p(a, aq,...,a,). Let
(po,do) < (s(p),1) be an arbitrary condition. By claim there is
Wy dt) < (pordo) and (5}, ¢4} < {p.d) such that B/gh = df ~ /g, * d.
Thus (py, 4p) ke p(ag, ..., ). O

The previous corollary together with claim yields the following.

Corollary 3.4. Assume G x H is P-generic. Then ofVICH o — & and
fa(k) € HODVIE* M C V[s"G.

We will get a special case of theorem [1| by invoking the last corollary
in a model of the form L[A].

Corollary 3.5. Assume V = L[A], where A C On is a set of ordi-
nals, and E is an extender witnessing k is a <\-supercompact cardi-
nal. There is a forcing notion R preserving the extender E such that
in V[I|[Gx H], where I « G H is R+xP-generic, k* = X\, cf k = w, and
HODVWIEH] — v [1][s"q).

Proof. We will begin by defining the forcing notion R so that for an
R-generic filter I we will have HODVI = v/[1].

Define by induction the forcing notions (R,, | n < w) and sets (4, |
n < w), as follows. Set Ry = 1 and Ay = A. For each n < w define
R, 11 as follows. In V[G,], where G,, C R, is generic over V|, let C,, be
the forcing notion C,, 4, for a large enough x,,. Let A, be C,-generic
over V[G,], i.e., A,11 is a code for A,,. Set R, 1 = R, * C,,, where C,,
is an R,-name for C,.. Let R be the inverse limit of (R, | n < w). Let
I C R be generic.
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Invoking corollary [3.4] inside V[I] and calculating HODEIH] e
get fa(r) € HODVHICHD C v(I][s"G]. For each n < w, A, €
HQDV[I][GHH]7 thus HODY HIIGIH] O LIA|[I)[s"G] = V[I][s"G]. ]

Hence we get:

Corollary 3.6. Assume X\ is measurable and k is <A-supercompact.
Then there is a generic extension in which cf°P k = w, and k™ (of
the generic extension) is measurable in HOD.

In order to analyze HODy,,, where a C &, let us derive another line
of corollaries stemming from claim [3.2l The problem we face when
dealing with HODy,; is an automorphism 7 of PP might move a, the
name of a. Thus we will need to fine tune the projection s.

First we recall the notion of a good pair from [9]. We say the pair
(N, f) is a good pair if N < H, is a k-internally approachable ele-
mentary substructure, |[N| < A, and there is a sequence ((Ng, fe) |
§ < k) such that (Ng | £ < k) witnesses the k-internal approacha-
bility of N, f = U{fe | £ < s}, (fe | £ < k) is a <*-decreasing
continuous sequence in P%, and for each { < &, fe € ({D € N¢ |
D is a dense open subset of P}}, fe € Neyq, and fe € Neyo.

Set PX = {(f,A) € Pg | dom f C N}. Define the function sy :
P — PY by setting for each p € Py, sy(p) = (fPIN,AP|N). Note
PX C Pg. Fix two conditions p, ¢ € PX. Assume they are compatible in
Pg, i.e., there is a condition r € Py such that » <p_ p,q. Thus there
are 7 € <“AP and ji € <“A? such that r <P, P, Q- Immediately we
get sy(r) g;;,g P, Gz Hence a maximal antichain in P} is a maximal
antichain in Pg, hence the function sy is a projection.

Corollary 3.7. Assume N < H, is an elementary substructure such
that p* is an (N,Pg)-generic condition and (N, f*") is a good pair. Let
a € N be a Pg-name such that IFp, “a C k7. If a,0q,...,qp €
On, p < p*, and (p,q) IFp p(a,aq,...,an,a), then (sy(p),1) IFp
ola,aq, ..., q,,a).

Proof. In order to show (sy(p),1) IFp p(a, a1, ..., an,a) we will show
a dense subset of conditions below (sy(p), 1) forces (o, v, ..., @, ).
Let (po, do) < (sn(p), 1) be arbitrary condition. We can choose p; <
p such that sy(po) = sny(p1). By claim there is p§ <* po and
p; <* py such that Pg/p} ~ Pg/pi.
Recall that if r < p*, a < k, and 7 IFp, “a € a”, then p?”o,---,vz—ﬂ

. < * .
“‘a € a”, where (1y,...,y_1) € “YAP is such that r <* Plogr )

IF
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Thus for each {1, ...,v_1) € AP = AP1 o < k, and r € Pg/p5,
r<* p&l,o 7777 by and rlFp, “a €4’ <=
p<l/0 ..... vi_1)| dom fP “_]P’E “@ € d” <
m(r) <* p1< yy) and 7(r) IFp, “a € w(a)”.

Thus p§ IF “a = 7(a)”. Use claim to find stronger conditions
(Po, Go) < (V5 do) and (pr,¢1) < (pg,d) such that 7 : P/py * gy =

,,,,,

P/p| % ¢, is an automorphism. Since (p},q)) IFp @(aq,...,a,,a) we
get (ph, qh) IFp play, ..., a7 (a)). We are done since pf, IF “a =
7 1(a)". u

Corollary 3.8. Assume G x H is P-generic, a € V|G * H|, and a C k.
Then cfVICH . = o and fo(r) € HODE}G*H] C VI[s%G] for a set
X Cdom E such that | X| < .

We will get theorem [1| by beginning with a model where HOD D
Viio. For this let us define the following coding. Let % = (A, | a <
AT3) be an enumeration of all subsets of A™". Let C, o be the Easton

product of the Cohen forcing notions yielding, in the generic extension,
for each o < A\*3 and ¢ < AT,

2X+>\++-a+§+1 _ X)‘++'a+€+3 e A,
= .
X)\ a+€+2 €¢ Aa-

Corollary 3.9. Let E is an extender witnessing k is a <A-supercompact
cardinal. In V[I]|G = H], where I * G« H is C, o *P-generic, k™ = A,

HOD VI[I||GxH]

and for each set a C kK, cf” " Ha} k = w and X\ is measurable in

N[GI[H]
HOD Y

Proof. Let U € V be a measure on A\. Then U € V)5, hence U €
HOD" where I is C, a-generic.

Working in V[I] let G « H be P-generic. By corollary |3.8] - 8| there is
X C dom E such that | X| < X, X € V[I], and fg(r) € HOD|['“* ¢
VII][s%G]. The filter s%G is s Pg-generic. Since |X| < A we have
|s%Pg| < A, hence any measure (in V') over A trivially lifts to a measure
in V]sx(G)] over \. In particular U lifts to U, which is definable by

U ={B e V[I[sxGINP(\) | 3A € U B 2 A}. Since U € HOD [
we can define in HODV[{”G*H] U = {B e HOD J " np() ) |34 €
UB 2 A}. Since HOD,, I”G*H} C V[I][s%G] we necessarily have U C
U. Thus U is a measure on A in HOD ]{”G*H} U
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4. THE GLOBAL RESULT

In this section we prove theorem [2 The extender based Radin forc-
ing was originally developed in [7]. We use a generalization of the
forcing where the extenders can witness supercompactness. This was
developed in [9]. Since the introduction in the previous section was
very detailed, we will give here only our version of Radin forcing.

Let us begin with with defining the Magidor forcing [6] using two
measures. Assume Uj<Uj are two normal measures over k. For each
i <2let j;: V— M, ~ Ult(V,U]) be the natural elementary embed-
dings. Define the measure Uy by letting for each A C {#}x,

Ac Uy < {(o(r), (K)} € jo(A).

Note a typical function v € A is of the form v : {k} — k. Define the
measure U; by letting for each A C {"}Vm

AelU < {{ji(r), (x,Up))} € ji1(A).

A typical function v € A is of the form v : {k} — Vi, where v(k) =
(&, i) and p is a measure over £. Define by recursion the conditions and
ordering of the forcing notion as follows. A basic condition in Magidor
forcing is of the form (f, A), where A € UyNU; and f : {k} — V, is

a function such that f(fi) = <<£07 :u0>7 ) <£k—17 :uk—1>7 <€k>7 cey <§n—1>>7
where &y < -+ < &,-1 < k and for each ¢ < k, y; is a measure over

&. A sequence of the form ((&o, o), - -+ (Ee—1, k1), (Ek)s - - -5 (€n1)) 1S
said to be o-decreasing since we consider o((&;, 11;)) = 1 and o((&;)) = 0.
Assume (f, A) is a condition and v € A is a function. We define the
functions fi,y, and fuy4 as follows. Assume o(r) = 0. In this case
we work essentialy as in the Prikry forcing case. We let fi,y, = 0.
Define the function fi,)+ by letting fuyr(k) = f(k) = (v(k)). Note
that since o(v) = 0 the sequence f(k) = (v(k)) is o-decreasing if
f(k) is o-decreasing. Assume v € A is a function such that
o(v) = 1. In this case we define two functions fyy and fuy,. If
we would have let fiy1(x) = f(v) ~ (v(x)) then we might have ended
with a non o-decreasing sequence. Thus we cut the possible prob-
lematic tail of f(k) as follows. Set | = max{l' | o(fr(x)) = 1} + L.
If the set over which the max above is operating is empty then set
[ = 0. Then let fuy(x) = f(k)[l = (v(xk)). Whatever is the value
of o(v) let Apyy = {7 € A| 7(k) > U(k)}. The tail removed from
f(k) is ‘pushed down’ by letting fi,y, : {¥(x)} = ¥ be a function such
that fiy () = f(k) \ [, where v is £ if v = (&, ;). Together with
the ‘pushed down function’ we set the pushed down part of A to be



16 MOTI GITIK AND CARMI MERIMOVICH

Apyy ={rlv|7€A ofr) =0,7 < U}, where 7 | v(§) = 7(¢). Fi-
nally set (f, A)pyr = (foyr, Awyr) and (f, Ay, = (o)1, Apyy). Note
(f, A)py, is a condition in a Prikry forcing. A 1-point extension of
(f; A is (f, Aoy = (f, A op ~ {Fs Ao

Assume G is generic with (f*, A*) € G, where f*(k) = (). Letting
fo(k) = Ulf(k) | s = (f, A) € G} and fa(k) = (7 | v € fa(k))
we get that fg(k) is an w? sequence cofinal in k. Moreover if s
(9.B) =t~ ([, A) € G then setting go(r) = U{(¢", B') < (9,B) |
§ (g B)~ 1~ (f, A) € G} and da(r) = (7 | v € go(x). Then §(r)
is an w-sequence cofinal in dom g.

Let us switch to the extender based Magidor forcing using two ex-
tenders. Assume E|<E] are two extenders over k. For each ¢ < 2 let
Ji : V.= M; ~ Ult(V, E!) be the natural elementary embeddings.

For each d € "j(k) such that x € d define the measure Fy(d) as
follows. For each A C | J{%x | d' C d, |d'| < K},

A€ Ed) = {(o(@),(a)) | a cd} € jo(A).

A typical function v € A is of the form v : dom v — k where dom v C d,
and for each o, € domv such that o <  we have v(a) < ().
Moreover, |[domv| < v(k). For each d € "j;(k) such that k € d define

the ultrafilter Ey(d) as follows. For each A C | J{?V,. | d' C d, |d'| < &},
A Ey(d) <= {(1(a), (@, Ep)) | a € d} € j1(A).

A typical function v € A is of the form v : domv — V,, where domv C
d, and for each «, 8 € domv such that o < § we have v(a) < v(f).
Moreover, [dom v| < v(k). Define by recursion the conditions and order
on the forcing notion as follows. A basic condition in the extender based
Magidor forcing is of the form (f, A), where f : d — <V, is a function
such that for each o € d we have f(«) is a finite o-decreasing sequence,
and A € Ey(d) N E1(d). We can always assume that for each v € A
we have max f(a) < v(a) for each a € domv. Assume (f, A) is a
condition and v € A is a function. We define the functions f(,y, and
fuwyr, employing the same idea used on f(k) to each of the f(«)’s, as
follows. Assume o(r) = 0. Let fiy, = 0. Define the function fyy; by
setting for each « € d,
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Assume o(v) = 1. Define the function fi,); by setting for each o € d,

fl@)ly = (v(a)) a € domv,
f(a) a ¢ domv,

where

| [max{tofu(@) =1} +1 3 ofife)) = 1,

“ 0 Otherwise.
Let fuy, : ranv — Vj(,) be the function defined by setting for each
a € domv, fyny = fla)\la. Set Apy = {17 € A | 7(k) >
V(o) for each a € domv}. If o(v) = 0 then set Ay = (). Ifo(v) =1
then set Ay = {7l v| 7€ A o(r) =0, dom7 C domv, 7(a) <
v(k) for each o € dom 7}, where 7 | v : ran7 — v(k) defined by set-
ting for each a € dom7, 7 | v(¥(a)) = 7(«). Then define (f, A)uys
and (f, A)pyr to be (fuyr, Apyr) and (fuyy, Apyy), respectively. We
say the condition s' ~ (f’, A’) is stronger than the condition s = (f, A)
(8 T (f,A) <s™(f,A)),if & <sand (f,A") <* (f, A) .

Assume G is generic with (f*, A*) € G, where f(k) = (). Letting
Jela) =U{f(a) | s~ (f,A) € G} and f(a) = (¥ | v € fa(a)) we get
that f(«) is an w? sequence cofinal in k. Moreover if s ~ (g, B) ~ ¢~
(f,A) € G then setting go(r) = U{(g'. B) < (9.B) | &' ~ (¢, B) ~
t' > (f,A) € G} and go(r) = (U | v € go(7)). Then g(7) is an w-
sequence cofinal in 7. Note there are |j; (k)| new w?-sequences cofinal
into k. For each of the reflections down we get the reflected amount of
w-sequences. E.g., if |jo(k)| = xT3 then there are 7,72 new w-sequences
cofinal in 7,,.

Letting G' be the generic object and defining the function fs : d —
“k by setting for each a € d, fo(a) = U{f(a) | {f,A) € G, a €
dom f}, we get that for each a € d, fg(«) is an w-sequence cofinal
in k. Defining the function fg as in the previous paragraph we get x
cofinal w-sequences, but still all of them are generated by fo(k).

Since the ultrapower M is closed only under x-sequences, one cannot
enlarge d to be of size greater than x while keeping the nice properties
of Prikry type forcing notions. However, we can use conditions with
different domains, thus adding sequence corresponding to each of the
ordinals below j(x). The domain change, however, causes the forcing
to be non-isomorphic to Prikry forcing. Thus if d € "j(k) then define
the measure Uy by letting for each A C |J{%x | &' C d},

AclU; <= {{j(a),a)| aecd}ej(A).
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Define now a condition in the forcing to be of the form (f, A), where
f :dom f — <“k is a function such that for each a € dom f, f(a) is
a finite increasing sequence, dom f € “j(k), and A € Ugomys. If d C e
and A € U, then set Ald = {v[d | v € A}. The condition (g, B) is said
to be a direct extension of the condition (f, A) ((f,B) <* (f, A)) in
this forcing if ¢ O f and Bl dom f C A. Note this definition of the
direct order is a major change from all previous definitions. In
fact the direct order is a Cohen forcing for adding j(k) subsets
to kt. Assume (f, A) is a condition and v € A is a function. The
function f,y is defined by setting for each o € dom f,

fla) ™ (v(a)) « € domu,

fun(@) = {f(a) a ¢ domw.

Given a set A € Ug set Ayy = {u € A | pu(k) > v(a) for each o €
domwv}. Then define the condition (f, A)uy to be (fuy, Awy). We
say the condition (f,A).) is a l-point extension of (f,A). By re-
cursion define the n + 1-point extension of the condition (f, A) to be
(s A two,..m_1)) () - We say the condition (g, B) is stronger than the
condition (f, A) ({(g9, B) < (f, A)) if there is (g, ..., V1) € ““A such
that (9, B) <* (f,A)wo,...n_1). This forcing notion is no longer
Prikry forcing. Using the same definition of fg as before we get
j(k) cofinal w-sequence into k. However, while each of the sequences
appears in a generic extension by Prikry forcing, the function fq itself
does not below to a Prikry generic extension.

The point of the previous forcing is that nothing restricts us from
using it with elementary embeddings with many generators, thus we
get the extender based Prikry forcing. Thus assume j : V. — M
is an elementary embedding such that crit(j) = x, M 2O "M, and
Kk < A < j(k) is a cardinal in V. Using the previous definition with
conditions (f, A) such that dom f € "\, we get that A\ new w-sequences
cofinal in k appear in the generic extension, thus 2% = k¥ > X. Working
out the proof we get that no cardinals are collapsed, 2* = X, and
ctk =w.

The final generalization achieved so far is to begin with elementary
embedding with even more closure properties, i.e., j : V. — M such
that crit(j) = & and M D <*M, where A > s and then work out the
definition above to use d of arbitrary size below A. This yields a generic
extension in which c¢f Kk = w and 2% blows up to whatever cardinal the
model M catches beginning with A up to j(x). However, the cardinals
above k and below A are collapsed in this extension.
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Thus throughout this section assume E = (E¢ | € < \) is a Mitchell
increasing sequence of extenders such that A is measurable, and for
each & < A, crit(je) = k, M¢ D <)‘M§, and M¢ O Vyio, where je : V —
Ult(V, E¢) >~ M, is the natural embedding. (We demand Mg O Vi
since we want A\ to be measurable in all ultrapowers, not only in V).

Let P; be the supercompact extender based Radin forcing using E.
(see [9]).

Let us recall the cardinal structure in VPE. k remains an inaccessible
cardinal, hence (V)" * is a model of ZFC. while A remains a cardinal,
the cardinals between x and A\ are collapsed. Both xk and A are reflected
down using the different extenders. Let 7, be reflection of x which a
limit cardinal in V%, Let 7, be the matching reflection of A\. Then 7,
is preserved while the V-cardinals between 7,, and 7, are collapsed.

Let us deal with the homogeneity of the Extender Based Radin forc-
ing.

Lemma 4.1. For a pair of conditions po,p; € P% there are direct
extensions py <* po and p; <* py such that Pg/py ~ Pgz/p;.

Proof. Set d = dom fP° U dom fP'. Set fi = fP U {(a,()) | a €
d\dom fP} and f; = f*U{{e,()) | @ € d\ dom fP*}. Choose a set T’
so that pf = (f,T) and p* = (f,T) are conditions, T dom f?" C T?
and T dom f?' C T?'. Define the isomorphism 7 : Ps/p5 — Pz/pi as
follows. Thus assume p° < pj . By the definition of the order there is
(M, ... Vp_1) € ““TP6 such that p° <* Pove,om 1) 1€ pP=p)-7
Py, where p <* pg, ., for each i <, and p) <* pg,

% V0. Vn)T

Consider the condition pf, . =pi,~ - pj,. Note dom 17 D
dom fft Let p} = ( il,Tp?>, where f} = fPLiUSP T (dom f”?\dom fPLa).
Finally set 7(p") = p} = --- = p.. Let us show the function 7 is order
preserving. Fix ¢ < p < p§. We will show 7(q) < w(p).

Since p < p§ there is (vp, ..., Vp_1) € <P such that p=1py ™ -+~
P, Where p; <* pg, g for each @ <njand pr <Tpg L
Since ¢ < pg thereis (uo, ..., pm—1) € <P such that ¢ = qo ™ -~ G,

where ¢; <* oy il for each © < m, and ¢,, <* Py

105yt — 1) T MOy Vm—1) T
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Thus w(p) =p' =p, ~ - " pland 7(q¢) =¢ =¢, " -+~ q,, where

fPi = fPotovitat | fPi(dom P4\ dom fP0.) for each i < n,

TP = TP for each i <n,
Fob = oo tw0s U % (dom f7 \ dom f75:) for each i < m,
Jim = fFoormait U fr ) (dom fo \ dom f75),

and

T% = T% for each i < m.

Since ¢ < p there k < w such that g9 = -+ = ¢ < po. Thus there
is (19,...,Th_1) € TP such that ¢qg = -+ = qp <* Po(ro, 1) L€
4% <" Do(ro,...7_)1(ryy for each i < k, and qx <* porry,..7p_)t- Not-
g that ... ui)tut = Powo)iirosmiytimys T each i < &, and
pg(ﬂow--»ﬂkfﬁT - p8<1,0>¢<707”"7.k71>@ we conclude that g = --- 7 g <7
pf)(m,,,,ﬁ,ﬁl)a hence ¢, = -+ 7 g, < py.

Proceeding as above for each p;, (e.g., there is k' < w such that
Qry1 " T @ < p1) we get that ¢ <p'. U

Recall that for a condition p = py — -+ ~ p, we have Pﬁ/p ~

Pz, /po- -+~ Pe,/pn, where p; € P% and €, = E. Thus the following is
an immediate corollary of the above lemma by recursion.

Corollary 4.2. Assume p°, p' € Pz are conditions such that p°,p' €
Hogz‘gn PZ. Then there are direct extensions p* <* p° and p** <* pt
such that Pz/p” ~ Pz /p™*.

For a condition p € P*E define its projection s(p) to the normal
measure by setting s(p) = (fP[{k},TP[{k}). Define by recursion the
projection of arbitrary condition p = py = --- 7 p, € Pz by setting
s(p) = s(po ™ -+ T pn-1) ~ S(pn). It is obvious s"Pg is the Radin
forcing using the measures (E¢(k) | € < o(E)). Moreover, if G is
IPz-generic then s”G is s"IPz-generic.

Let G be Pz-generic. Work in V[G]. Let (ko | @ < k) be the
increasing enumeration of fg(k). Define the sequence (pq, U, | @ < k)
by setting for each o < &,

kI o is limit,
Ho = .
Ko (1S SUCCESSOT.
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Note: If « is limit, then p, = kI is measurable in V since it is a
reflection of A\ being measurable in one of the V-ultrapowers. On the
other hand, if « is successor then p, = kK, is measurable in V since
Ey concentrates on measurables. Thus for each o < k we can choose
U, € V which is a measure in V over p,. Define the backward Easton
iteration (Pa,QB | a < K, B < K) by setting for each o < Kk, Qy =
Col(pta, <Ka+1). By theorem - the iteration P, is cone homogeneous.
Let H C P, be generic.

Working in V[G = H] we want to pull into the HOD of a generic
extension the measures U,’s. Define the backward Easton iteration
(Ro,Ss | a <k, B< /<a> by setting for each 8 < x, Sg = Cy, a,, Where,
As ={AcV]|AC (uz")v}andsup, 5 x, < xg < k. By theorem.
R, is cone homogeneous

One final definition is in order before the following claim. If p € P
then set k(p) = ran fP(k). If p = py = -+~ p, € Pz then set by
recursion k(p) = k(po ~ -+ " pn_1) — K(pn). Note k(p) is the subset of
fa(k) decided by the condition p.

Claim 4.3. Let P = Pg = P.x R,.. Assume (po,do,do), (p1,Gr,71) € P
are conditions such that s(py) and s(p1) are compatible. Then there are
stronger conditions, (p§, 45, 74) < (po, o, 7o) and (p3, 45, q¢7) < (p1,41,71),
such that P /(pg, 45, 76) ~ P/ (p1, 41, 77).

Proof. Since s(py) and s(p;) are compatible there are stronger condi-
tions pf, < po and p| < p; and Mitchell increasing sequences {¢; | i < k}
such that pj, py € [[;<, Pe and x(pp) = /@(p’l) By the previous corol-
lary there are direct extensions pj <* pj and pi <7 py such that
7 Pg/ps ~ Pgz/pi. Most importantly we have 7T(P * Q,{) P, % Q,
is cone homogeneous. Thus by claim we are done. 0

Corollary 4.4. If (p,q,7) IFp @(au, ..., ), then (s(p),1,1) IFp p(ay,...,qp).

Proof. We will prove a dense subset of conditions below (s(p), 1, 1) force
o(ag, ..., ). Assume (p° ¢° ) < (s(p),1,1). Trivially s(p°) and
s(p) are compatible, hence by the previous corollary there are stronger
conditions (p”*, %, 7%*) < (p°, ¢°,7%) and (p'*,¢'*, 7#™*) < (p,¢,7) such
that P/(p%, ¢°,7%) ~ P/(p**, ¢"*,7*). Necessarily (p°*, %, 7%) Irp
olag, ..., q). O

Letting I be R,-generic over V[G][H] we get the following from the
previous corollary together with claim [2.4]
Corollary 4.5. HODVICHI C v[s"q].

Claim 4.6. In V)V o requlars above ko are measurable in HODV“V[G”H] . )
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Proof. Since the regulars in the range [ko, k) are {u, | @ < K}, we will

be done by showing for each a < k the measure U, (in V) lifts to a
VIG[H]1
measure in HOD'* . In 'V, po is measurable. The set s"P is the

plain Radin forcing, hence any measure in V' over p, lifts trivially to
a measure on /i, in V[s"G]. In particular the measure Uy in V' lifts to
the measure U, in V[s"G], which is definable by U, = {B € V[s"G] |

JAeU, ACBC ,ua}
Since HODY* e V( y, We get U, € HOD" Vi C HODVICIHI
G[H][I

V[s"G]. Let U, = {B ¢ HODY y JA€ U, AC B C pi}. Then

VIG][H][1]

U, € HOD and U, C Ua. Necessarily U, is a measure on
M- 0

We get theorem [2| by forcing in V[G][H][I] with Col(w, <kg).
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