EXTENDER BASED MAGIDOR-RADIN FORCING

CARMI MERIMOVICH

ABSTRACT. We define the extender based Magidor-Radin forcing notion from
a Mitchell increasing sequence of extenders. We prove the basic properties of
this forcing.

1. INTRODUCTION

The extender based Radin forcing was defined in [5]. It generalizes Radin forcing
[9] in the same way as the extender based Prikry forcing notion [2] generalizes Prikry
forcing [8]. In [5] the existence of a large enough extender is assumed and a sequence
of extenders is generated from it recursively, very much like the way a measure
sequence is generated recursively from an elementary embedding in [9] and [1]. In
the current work instead of assuming the existence of ‘a large extender above them
all’, we assume the existence of a Mitchell increasing sequence of extenders, and
work directly from it. This generalizes [4] where a coherent sequence of extenders
was used to defined the extender based Magidor forcing. This, in turn, generalized
[7], where a presentation of Radin forcing using a coherent sequence of measuers is
given. In some sense the current work is the top-down version of the forcing notion
presented in [3].

The general theme of the forcing notion we present is as follows. Given a Mithcell
increasing extender sequence, 2" is controlled by the size of the extenders, the
cofinality of x is controlled by the length of the sequence, and a club is added to k
so that the power and cofinality of cardinals in the club is controlled by reflections
of the extender sequence. In the generic extension x can become singular, can
remain regular, or measurable.

Let us show a typical example. Assume that (F¢ | £ < o(E)) is a Mitchell
increasing sequence of extenders of length o(E), and let j¢ be the corresponding
natural embeddings. Furthermore assume that for each ¢ < o(E), |je(k)| > w73,
Then there is a generic extension preserving all cardinals, in which 2% = kT3,
and there is a club of k on which 2# = p*3. Now, if c¢f(o(E)) > x*3 then & is
measurable in the extension. If cf(o(E)) > & then & is regular in the extension.
Finally if cf(o(E)) = & then cf k = w, and if cf(o(E)) < & then cf k = cf(o(E)).

The general theorem we prove is as follows.

Theorem. Assume (E¢ | §& < o(E)) is a Mitchell increasing sequence of short
extenders on r, and kT < e < sup{jg, (k) | £ < o(E)}. Then there is a generic
extension in which:

(1) 2% = |e].
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(2) The cofinality of k depends on the cofinality of o(E) as follows:

cf(o(E)) cf(o(E)) < &,
cf(k) = w cf(o(E)) = &,
K cf(o(E)) > k.
(3) If cf(o(E)) > ||, then k is measurable.
(4) There is a club C C Kk such that for each p € C, cf p and 2* are computed

recursively from reflections downward of the sequence (E¢ | £ < o(E)).

The structure of this work is as follows. In section 2 we give the definition of
the extender based Prikry forcing notion. We quote the necessary results from [2].
In section 3 we give the definition of the extender based Magidor forcing using
two extenders. This section demonstrates in a simpler setting the ideas appearing
in later sections. In section 4 the extender based Magidor-Radin forcing is being
presented. All the proofs are complete, i.e., no proof demonstrations on, say, 1-point
extensions are given.

Our notation is standard. We use the convention that p < g for condition p, ¢ in
some forcing notion means that p is stronger (i.e., has more information) than q.
We assume large cardinals knowledge, namely extenders, measures, and elementary
embeddings, in addition to forcing knowledge. Given a set A and a cardinal A, define
Pr(A) ={a C A | |a|] < A\}. A partial order (T, <) is a tree if for each t € T the
structure ({s <t |s € T}, <) is a well order. The {-th level of the tree T', Lev(T),
is the set {t € T' | ot{s <t |s €T} =¢}. The height of T is the minimal ordinal £
such that Leve(T) =0

2. FORCING WITH E = (E)

The forcing defined in this section is the extender based Prikry forcing notion
[2]. The form presented here is in essence the one from [6]. The general forcing
notion appearing in section 4 is defined by recursion, and the non-recursive step is
the extender based Prikry forcing notion.

Assume FE is a short extender on . Let jg : V — M ~ Ult(V, E) be the
corresponding natural embedding, and let k™ <€ < jp(k).

Definition 2.1. The set of coordinates appearing in a condition is
D={{o,E) |k <a<e}

For each k < o < jg(k) we write a for (a, E). Define the order < on ® naturally

by: a<f <= a<p.

Definition 2.2. Assume d € P+ ® and & € d. Then v € OB(d) <~
(1) v:domv — k;
(2) & € domv C d;
(3) vl < v(R); ) )
(4) V&, B € domv (a < = v(a) <v(B)).
On OB(d) the partial order < is defined by:
v<p < (Vaedomvv(a)<v(a)).
Definition 2.3. (1) Assume T C OB(d)<¢ (1 < ¢ < w). Then for each n < ¢,
Lev,(T) = {0, ..., vn) € OB(d)" ™ | (vg,...,vm) €T},
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and
Sucr(vo, ... Vn—1) ={p € OB(d) | {(vo,...,Vn_1,1) € T}.
For notational convenience let Sucp(()) = Levo(T). Assume (v) € T.
Define
Twy ={{vo,.. . vk—1) | k<& (v,v0,.. ., 1) €TV,
and by recursion when (v, ...,v,) € T define

Tiorvn) = Tlvorcvm_1)) wn)-
(2) A measure E(d), where d € P+ D, is defined on OB(d) as follows:
VX C OB(d) (X € E(d) <= mc(d) € j(X)),
where mc(d) is defined by
me(d) = {(j(@), a) | & € d}.

The measure E™*(d) (n < w) on OB(d)"*" is defined by recursion as
follows.

X e EMY() =
{{(vo, ..., Vn-1) € Lev,_1(X) | Sucx(vo,...,Vn-1) € E(d)} € E(")(d),

where we set E(®) = {()} and consider it a measure on OB(d) = {()}.
Note that essentially E(*)(d) = E(d). The measure E(“)(d) on OB(d)<“ is
defined by recursion as follows:

Xe E(w)(d) < Vn<w Lev,(X) € E(nﬂ)(d)'

(3) Aset T C OB(d)<¢ (1 < £ < w) ordered by end-extension and closed under
initial segments is a tree. A tree T C OB(d)<¥ is called a d-tree if for each
(Vs Vn—1) €T (n < w) we have v, < 41 (kK <n—1), and

Y{(vo,...,Un—1) € T Sucyp(vo,...,Vn-1) € E(d).

Note that if T is a d-tree then T' € E“)(d). Moreover, if a tree T' belongs
to E()(d) then there is a subtree S C T which is a d-tree.

(4) Assume ¢,d € P+ D, ¢ C d, and T is a tree with elements from OB(d).
Then the projection of T to a a tree with elements from OB(c) is

Tle={(wle...,vnlc)|n<ht(T),(vo,...,vn) €T}

Definition 2.4. The following list of points leads to the definition of (P(g ., <, <*).
e A condition f is in the forcing notion ]P’}‘E%€ if f:d— <Yk is a function
such that:
(1) Rede P+ D;
(2) For each & € d, f(a) = (fo(@),..., fr—1(@)) is an increasing se-
quence in K.
e Assume f,g € P{p, . Then f is an extension of g (f S*?m . g)if f2g.
e For f € Pip, . we write mc(f) and E(f) for mc(domf)yand E(dom f),
respectively. We will also say that a tree is an f-tree if it is a dom f-tree.
e Assume f € Pipy . and v € OB(f). The condition g = f) € Pigy . is
defined by:

,€

,€
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(1) domg = dom f;
(2) For each & € dom g,

g(a) = {f(d)wy(d» a € domv, ¥(@) > fis)-1(a),
f(@) Otherwise.

Observe that if X € F(f) then there is a subset Y C X such that Y € E(f),
and for each v € Y and & € domv, v(&) > fi(a)-1(@)-
e A condition p in the forcing notion P gy . is of the form (f, A) where

(1) f € P?E},e;
(2) Aisan f-tree such that for each (v) € A and & € domv,
fir@-1(a) <v(@).
We write fP, AP, and mc(p), for f, A, and mc(f).
e Let p,q € Pipy .. Wesay that p is a Prikry extension of ¢ (p S}(EM q) if
(1) f7 <t I
(2) AP | dom £ C AY.
o Let g € P(gy . and (v) € A% Define the one point extension of ¢ by (v) to
be p = q(,) € P(gy, where:
(1) f7 = £,
(2) AP = A((Iuy
Define qqy,.... 1,y recursively as (G, ..., 1)) (vi), Where 1 < -+ < vp.
Whenever the notation (v, ..., v,_1) is used, where v, € OB(d) (k < n),
it is implicitly assumed that vp_1 < v (kK < n).
e Let p,q € Ppy . Then p is an extension of ¢ (p <p, . p) if there is

<V07 i '7V7L—1> € A% such that p S%(E),e Qvo,svn—1)-

Before quoting results about this forcing we give some pictorial representation
of the forcing notion.

The weakest condition in P(g) . is (((k, E), ()), T), where T is the ‘full’ tree, i.e.,
Levo(T) = {k} x K, and the higher levels are similar. Let us call it g. We present
q graphically in figure 1.

(k, E) T
FIGURE 1. The weakest condition ¢ € P(p) .

Let k < a < jg(k). The weakest condition in P(gy . mentioning x and « is

{{{r, E), O), (e, E), (1)}, A)-

Let us call it p. Then p <* q. Note that the form of an arbitrary (v) € A is

{((s, B}, 7), {{o, B), 1) }-

Note that {v((x, E)) | (v) € A} € E(k) and {v({o, E)) | (v) € A} € E(«a). Figure
2 shows p graphically.
Let (v9) € A. The weakest 1-point extension of p using (vp), i.e. P, is

{{(r, E), (no((w, E)))), (e, E), (o (e E)))) Y5 Aqwy)-
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(r, E) (a, E) A
FIGURE 2. The weakest condition mentioning o and &, p <* q.

70 Ho
<K:7E> <Oé,E> A<V0>

FIGURE 3. 1-point extension of p, p(,)-

Letting vo((x, E)) = 19 and vo({«, E)) = po, the condition is shown graphically in
figure 3.

Let (v1) € A,). The weakest 2-point extension of p using (vp,v1) (which is the
same as the weakest 1-point extension of p(,,, using (v1)) is

<{<<’€7 E>’ <V0(<’€v E)), V1(<’€7 E>)>>7 <<a7 E>, <V0(<a7 E>)7 1/1((04, E>)>>}7 A<V0,V1>>‘

Assuming v1((x, E)) = 7 and vi({o, E)) = p1, P(y,) is shown graphically in
figure 4.

T1 M1
70 Ho
<HvE> <aaE> A<V07’/1>

FIGURE 4. 2-point extension of p, piyy vy = (D)) (v1)-

Let k < v < e such that v # . We want r € P g) . to be a Prikry extension
of P(yy,v,) mentioning v. We note that there is a complete freedom in choosing
fT({v, E)). We can have f"({k,E)) = (), but this time we prefer something else.
Thus let (o < k. We let the extension be

<{<<’€7E>7 <V0(<"ia E>)’ V1(<’i7 E>)>>’ <<a7E>’ <V0(<a7E>)) V1(<a’ E>)>>’
<<’7?E>7 <<O>>}5B>
This B must satisfy the following.
(1) {v I {(s, E), (o, E)} | v € B} € E({k,a}).
(2) {vI{(k,E),{a,E)} |veB}CA.
3) {v((v. E)) |ve A} € E(r).

Graphically r appears in Figure 5.

T1 1251
70 Ho Co
(K, E) (o, ) (v.E) B

FIGURE 5. 7 <* pryg )
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Take (v9) € B such that (v, F) ¢ dom vs.

sy = ({5, E), (no((k, E)), 1((k, E)), v2((x, E)))),
{{a, B}, (o({ev, E)), 1 ({ev, E)), (o, E), 12 ((av, E)))),
<<77E>3<C0>>}7B<V2>>7

which appears graphically in figure 6, where 7 = 15(R) and o = vo(@).

) H2
1 H1
To Ho o
<E7E> <a7E> <% E> B(V’z)

FIGURE 6. r(,,).

Take (v3) € B such that domvs = dom f”. Then

T(ws) = ({{(K, B}, (0o((&, ), v1((k, E)), va((k, E)), v3((k, E)))),
((a, E), (no({e, E)), 1 ({a, E)), v2((ev, E)), v3({a, E)))),
<<r7’ >,<<0,l/3(<’}/, >)>>}7B<V2,V3>>a

which appears graphically in figure 7, where 75 = v5((k, E)), ps = v3({a, E)), and
03 = v3((7, E))-

73 3
T2 H2
T1 H1 03
To o Co
<"$7E> <O‘7E> <%E> B(V27V3)

FIGURE 7. 71, 1)

Lemma 2.5. (Gitik-Magidor)
(1) <P(E) o, <*) is k-closed.

(2) (P(gy,e, <, <*) is of Prikry type.
(3) P has the k™t -c.c.
(4) H_[p><E> . "(k1)y remains cardinal’.

Theorem 2.6. (Gitik-Magidor) Let G be Py -generic. Then:
(1) V and V[G] have the same cardinals and the same bounded subsets of k.
2) fVI (k) = w and (k¥ = |€])VIE).
(3) Yu € [k, k¥) p* = K.
(4) Outside of [k, k*) the GCH is holds.

The following definition is needed in order to bootstrap the recursive definition
of the Magidor-Radin forcing in later sections.
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Definition 2.7. Assume (e; | i < n) (n < w) is a sequence of extenders such that
€ € Verit(eis,)- The product forcing notion P = [];_, P, is defined by applying
the definitions of the Prikry with extenders forcing notion coordinatewise. That is
for each (p; | i <n),(g; | i <n) eP,

(pili<n)<p(gl|i<n)<=Vi<np; <gq,
and
(pili<mn)<p(gli<n)<=Vi<np; <"gq.
For p = (p; | i < n) € P we use the notation p._ =pg ™ -+ " pp_2 and p_, = pp_1.
Assume (v) € AP—. Define the condition p(,y recursively as follows.
Pw) =P Po(u)-
Note that with p._ and p_. defined we have for each p,q € P,
p<p < (p— <g—andp_, <q.),
and
p<*p<= (p— <* q— and p_, <" ¢_.).

It is a standard fact that (P, <p, <f) is a Prikry type forcing notion. Since the
extenders e; are disjoint, factoring of P is easily achieved, thus a generic extension
by P can be analyzed by inspecting generic extensions by each factor P,,.

3. FORCING WITH E = (Ey, E;) (Ey < Ey)

The aim of this section is to introduce the techniques used in section 4, where
the general forcing notion is defined. Thus we show the step immediately following
the extender based Prikry forcing notion.

Assume Fy and Fj are (short) extenders on x such that Ey < Fy (ie., Ey €
Ult(V, E4)). Let jg, : V — My ~ Ult(V, Ex) (k < 2) be the corresponding natural
elementary embeddings. Note that jg, (k) < jg, (k). Let 67 < e < jg, (k).

Definition 3.1. An extender sequence v has one of the following three forms.

(1) (r) where 7 € On.

(2) (1,e9) where e is an extender such that criteg < 7 < j, (crit(eg)).

(3) (1,e0,e1) where ey and e; are extenders such that ey < ey, crit(eg) =
crit(ey), and crit(eg) < 7 < je, (crit(eg)).

We write 7y for 7. Each extender sequence # has an order o(7) defined by:
0 if v=(r),

o(r) =41 ifv={(re),

On the extender sequences a partial order < is defined by: 7 < i <= 7y < fig.

Definition 3.2. The set of coordinates © used in a condition is defined to be
Do UDq, where

Do = {(a, By, E1) | K < o < min(jg, (), €)},
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and

D1 = {(a, En) | jg, (r) < o <€}

Note that ©; might be empty (if € < jg,(k)). For each k < a < jg, (k) we write &
for (a, Ey, E1), and for each jg, (k) < a < jg, (k) we write a for (o, Ey).
On D the order < is defined by: a < 3 <= a < .

Definition 3.3. The set of ranges R appearing in conditions is set to be Ry U MR,
where

Ro = {(7) | T < K},
and

MRy = {(7,e) | e is an extender, crit(e) < 7 < je(crit(e)) < x}.
On *R the partial order < is defined by v < i <= 7y < [1g.

Definition 3.4. Assume d € P+ D. Then v € OB(d) <—

(1) v:domv — fR;

(2) & €edomv C d;

(3) v] < v(#);

(4) Va € domv (o(v(a)) < o(@));

(5) If o(v(R)) = 0 then for each & € domv, a < jg,(k) and o(v(@)) = 0. If
o(v(r)) = 1 then v(R) = (7, ep), where 7 = crit(eq), and for each @ € dom v,
if @« € (k,jg,(K)) then v(a) = (p,ep) for some p € (7,je, (7)), and if
0 € [jn(), jm, (1)) then v = (p) for some p € [jey (7). Jo, (7).

(6) Va,B € domv (a < 3 = v(a) < v(f)).

On OB(d) the partial order < is defined by:

v<p < (Vaedomvv(a) < pua@)).

Definition 3.5. (1) Assume T C OB(d)<¢ (1 < ¢ < w). Define Lev,(T),
Sucr (v, ... Vn—1), and Ty, ., .y as in definition 2.3 taking into consid-
eration the current definition of OB(d).

(2) The measures Ey(d) and E;(d) are defined on OB(d) as follows:

VX C OB(d) (X € Eo(d) += mco(d) € jp, (X)),
and

VX COB(d) (X € Ei(d) < mci(d) € jg, (X)),

where
mco(d) = {(jE, (@), Ro(@)) | & € d, a < jo(k)},
mey (d) = {{jg, (@), R1(a)) | & € d},

and the functions Ry and R; are defined by:

Vi < a < jg,(k) Ro(a) = (a),
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and

(a, Bp) k< a<jg(k),

Vi < a < jg, (k) Ri(a) = {(a) JEy (k) < a < jg, (k).

Name the intersection of the measures E(d). That is
E(d) = Bo(d) N Ey(d).

Since there are two basic measures Ey(d) and E;(d) on OB(d), there are sev-
eral product measures possible. The basic property of a tree ' C OB(d)"+!
we need is that the splittings are in a big set. That is for each k < n,

V<V(), . .,I/k,1> eT <2 SUCT(I/(), .. ~7Vk71) € Ez(d)

Thus to characterize the product measure a function ¢ : T — 2 is needed
such that for each k <mn,

V<V0, Cey l/k_1> eT SHCT(Z/Q, ey Vk—l) S EL(VO,‘-qVk—l)(d)'

Observe that () € dom:. Note that by removing a measure zero set from T'
the function ¢ is the constant function on each level of T. Thus a product
measure on OB(d)"*! is characterized by a sequence from "™'2. Thus
define by recursion the product measure E)(d) on OB(d)"*!, where ¢ =
(Loy .- ., tn) is the characteristic of the measure as follows:

X e E(Z) (d) —

{{vo, ..., vn1) € Levy,_1(X) | Sucx (vo, ..., vn-1) € B, (d)}
€ E(LOr-wbnfl)(d)’

where we set E() = {()} and consider it a measure on OB(d)? = {()}. Note
that essentially E(,)(d) = E,(d), where ¢ € 2. For 7 € “2, the measure
E)(d) on OB(d)<“ is defined by recursion as follows:

X € Ep(d) <= Vn <w Levy(X) € Egpnt1))(d).
The intersection of all the measures on OB(d)" is named E(™ (d), i.e.,
E™(d) = ({Ew(d) |z €2},
and the intersection of all the measures on OB(d)<“ is named E“)(d), i.e.,
E@(d) = ({E@(d) | T e <2},

Note that E(M)(d) and E(d) are essentialy the same filter.

A set T C OB(d)<¢ (1 < ¢ < w) ordered by end-extension is called a tree
if it is closed under initial segments. A tree T C OB(d)<“ is called a d-tree
if for each (vg,...,vp—1) € T (n < w) we have vy_1 < v} (k <n), and

Y{vo,...,Vn—1) € T Sucy(vy,...,Vn-1) € E(d).

Note that if 7' is a d-tree then T € E®)(d). Hence for each n < w,
Lev,(T) € E™*(d). Note also that if T is a tree such that T € E“)(d),
then we can find a subtree S C T such that S is a d-tree.
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(5) Assume ¢,d € P,+ D, ¢ C d, and T is a tree with elements from OB(d).
Then the projection of T to a a tree with elements from OB(c) is

Tle={(wle...,vn o) n<ht(T),(vo,...,vn) €T}

Definition 3.6. The following list of points leads to the definition of (P(g, g,),, <
, <)
e A condition f is in the forcing notion Pon,E1>,e’ if f:d— <“Ris a function
such that:
(1) Rede P+ D;
(2) For each @& € d, f(a) = (fo(@),..., fr—1(@)) is an increasing se-
quence in ‘R.
(3) Va e d Vi <|f(a)] (o(fi(@)) <o(a)).
(4) For each & € d, (o(f;(@)) | i < |f(@)|) is non-increasing.
e Assume f g € ]P”ZEU Byyer Then f is an extension of g (f <p. g) if
) > (Bg,Eyp),e
f29.
e By OB(f), mc(f), E(f), and f-tree, where f € IE”’{E(%E1>
OB(dom f), mc(dom f), E(dom f), and dom f-tree.
e Assume f € ]P’* B)e and v € OB(f). We define f,, according to the
form of v(&). If 0( () =0 then g = f) € P{p g, is defined by:
(1) domg = dom f;
(2) For each & € dom g,

o J @7 w(@) aedomy, v(@) > fipa)-1(
9(@) = {f(d) Otherwise.
If o(v(r)) = 1 then g~ g_. = f,y is defined by:

(1) domg_, = dom f;
(2) For each & € domg_,,

we refer toi

€79

Q|

),

g(a):{f(a) [k~ (v(@) 6 €domy, v(a) > fisa)-1(a),

f(@) Otherwise,
where
(*) k=min{l < [f(@)] |Vl <i<|f(a)] o(fi (@) <o(v(a))}

Note that & is defined so that (o(f(@)) | i < k) ~(o(v(a))) will be
non-increasing;
(3) domg. = {1() | & € dom, o(u(a)) = 1};
(4) For each @ € domv such that o(v(@)) = 1, g_(v(@)) = f(a) |
(If%(@)] \ k), where k is defined by (*).
Observe that one can use the definition of the case o(v(&)) = 1 also for the
case o(v(k)) = 0. One gets in this case g— = 0.
e A condition p in the forcing notion P g, g,), € — is of the form (f, A) where
(1) f€Ply pyor
(2) Aisan f-tree.
We write fP, AP, mco(p), and mcy(p), for f, A, mco(f), and meq(f).
e Let p,q € Pig, gy, € —. Then pis a Prikry extension of ¢ (p <JP<E . q)
if

(1) f7 <p. f4

(Bg,By),¢€’
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(2) AP | dom f? C A4.
e A condition p in the forcing notion P (g, g,y . is of the form p_ ~ p_, where
(1) p— € Pgy By, € =
(2) p— is a condition in a product of extender base Prikry forcing
notions (as defined in 2.7) which is in V.. ILe., p— € [[,., Pe,,
where (e; | i < n) (n < w) are extenders such that e; € Verig(e,, ;)
and e, 1 € V..
Define recursively fP to be fP— = fP—~. We write also fP and f?, for fP—
and fP—.

o Let p,q € Py, p,),e. We say that p is a Prikry extension of ¢ (p §ﬂ’§<E0’E1>YE

q) if:
(1) P~ <by - 4
(2) p— <* q—. (This partial order is defined in 2.7.)

e Assume q € P(g, g,),e — and (v) € A9~. The one point extension of ¢
by (v) is a condition p = ¢,y € P(g, g,),c of the form p_, (if o(v(k)) = 0)
or p_ " p_ (o(v(k)) = 1) where p_, € P(g, p,),€ — and p_ € P, if
applicable, are defined as follows. If o(v(k)) = 0 then:

(1) 7 = £,

3) AP= ={(T(po),.--,T(pn)) | n <w, (po,.-., pin) € A%, i < v},
where the function T, used to ’translate coordinates’, is defined as
follows:

dom (T()) = {v(@) | & € dom p, o(v(a)) = 1},

and

(T(1)) (@) = p(@).

e Assume p € P, g, and (v) € AP—. The one point extension of p by (v)
is defined to be

Py =P Po(r)-

Define pyy,......,) Tecursively as (piuy,....vn_1)) (y)> Where vg < -+ < V.
Whenever the notation (v, ..., v,_1) is used, where v € OB(d) (k < n),
it is implicitly assumed that vy, < vg11 (K <n—1).
e Let p,q € P, g,),e. Then p is an extension of ¢ (p <P(ry,51).e p) if there
are (vg,...,Un—1) € A7 such that p <

*
7P(E0,E1),e q(”Uv"'a”n—l) :

We give a pictorial representation of P (g, g,). before continuing to the full
fledged forcing in the next section.

The weakest condition in Pig, g,y is ((K,()), A), where A is a tree with first
level

{k} x (kU {{v,e0) | v < K, eg is an extnder with crit(eg) = v}),

and similary sets for the higher levels. Let us call it ¢. We present ¢ graphically in
figure 8.
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(k, Eo, Eq) A

FIGURE 8. The weakest condition ¢ € Pig, p,).c-

Let k < a < jg,(k) and jg,(x) < B < e. The weakest condition in Pig, g,y
mentioning k, «, and [ is

(R, 0), (@, (), (B, )} B)-

Let us call it p. Then p <* ¢q. Note that the form of (v) € B is either
V= {<E77—>v <5é,,LL>},

or
v ={(R, (7, €0)) (@, (1, 0)), (B, m) },
Note that
{v(r) | v € B} € E({x}),
{v(@) |v € B} € E({a}),
and

{v(B) | v € B} € Ex(B).
Figure 9 shows p graphically.

<’€7E07E1> <OL,E0,E1> <53E1> B

FIGURE 9. The weakest condition mentioning x, o and 3, p <* q.

Let (1p) € B be of the form

vo = {(R, (70)), (@ (po)) }-

The weakest 1-point extension of p using (vp), i.e., Py, is

({(R (7o), (@, (o)), (B, O}, Bwe))-

The condition is shown graphically in figure 10.

T0 Ko
(k, Eo, Ev) (a, Eo, Ey) (B, E1) By

FIGURE 10. 1-point extension of p, Dive)-

Let (v1) € By, be such that and
vy = {<’%7 <7—1’ 60>>7 <6" <:U’1a 60>>’ <Bv <<0>>}

The weakest 2-point extension of p using (v, v1) (which is the same as the weakest
1-point extension of p(,,, using (v1)) is

{{(71,€0), (0)), ({11, €0), (p0)) }, B [ crit(e))
({7, ({1, e00)), (@, ((ua, €0))), (B, ({CoI))} Bluo,n))-
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The condition p(,, ., is shown graphically in figure 11.

To Lo (71, €0) (11, €0) Co
(T1,e0) (1,e0) S [crit(eo) (w,Eo,Eo) (o, Eo,E1) (B, Er) Bug,)

FIGURE 11. 2-point extension of p, Divg,n) = (p<l,0>)<l,1>.

We take the following from B:

v = {(K, (12)), (@, (u2)) },
vy = {(K, (73)), (@, (us)) },
Z/4:{< <T4’61>>7< ’<M4a61>> <ﬁ7 <<1>>}

We show p(yg.u1,0m,05) 10 figure 12, and piyg vy 0p,05) in 13.

(73) (13)
(T2) (p2)
70 o (11, €0) (11, €0) o

(T1,e0) (p1,e0) B[ crit(eo) (k,Eo,Eo) (a,Eo,E1) (B, E1)  Bg,...w)
FIGURE 12. 4-point extension of p, i.e., Py v1,vs,0s)
73 M3

70 Ho T2 H2

(T1,€0) (n1,e0) B crit(eo)  (7a,e1) (pa,e1) B [ crit(er)

(T4, €1) (114, €0) G
(71, €0) (11, €0) Co
<K,E07E0> <C¥7E0,E1> <ﬂ, E1> B(uo,...,u4>

FIGURE 13. 5-point extension of p, i.e., Divg v1,vs,05,0) -

Note that each of the generated blocks operates independently of the others.
Thus points and domain enlargement can be done on all blocks, not only on the
highest one.

4. FORCING WITH E = (E¢ | £ < o(E))

Assume E = (E¢ | € < o(E)) is a Mitchell increasing sequence of (short) ex-
tenders on £, ie., V{ < o(E) (B¢ | ¢ < &) € Ult(V, Ee). Let jg, : V — M¢ ~
Ul(V, E¢) (€ < o( )) be the correspondng natural elementary embeddings. Note
that jg, (k) < Jjg, (k) (& <& < o(E)). Let kT <e < SUDg <o () J B¢ (K)-
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Definition 4.1. An extender sequence 7 has the form (7,eg,...,e¢,...) (£ < )
where (es | £ < p) is a Mitchell increasing sequence of (short) extenders with
identical critical points, and crit(eg) < v < jg,(crit(ep)). The order of the extender
sequence 7 is p (o(7) = ). We write 7y for 7.

Note that formally the Mitchell order function of...) is defined on different type
of objects. The first object is of the form (E¢ | £ < A), and the second is of the
form (v,eq,...,e¢,... | & < p). In either case only the extenders are considered,
thus there is no confusion.

Definition 4.2. The set @js a base set used in domain of functions. For each
k < a <sup{jg (k) | £ <o(E)} define

a=(a) (B¢ | ¢ <o(E), a<jp(K).
Then define
D={al|r<a<e}

On D the order < is defined by & < 3 <= «a < . The set R is used as the base
set for range of functions.
R = {p €V, | Dis an extender sequence}.
On fR the order < is defined by 7 < i <= 7y < fip-
Definition 4.3. Assume d € P+ ®. Then v € OB(d) <—
(1) v:domv — R;
(2) & € domv C d;
(3) ] < wv(K)o;
(4) Va € domv (o(v(a)) < o(@));
(5) For each & € domv such that @& # & the following is satisfied. Assume
v(R) =(T,e0,...,€¢,... | £ <), (where crit(eg) =17)
and
v(a) = <7'/,€6,...,6,£,... | € < (o).
Then (ect¢ | £ < Ca) = (e | § < (a), where ¢ < (,; is minimal such that
™€ Bupgraden (D Je)E).
(6) Va,B € domv (a < 3 = v(a) < v(f)).
On OB(d) the partial order < is defined by:
v<p < (Vaedomv v(a) < ua)).
Definition 4.4. (1) Assume T C OB(d)<¢ (1 < ¢ < w). Then for each n < ¢,
Lev,(T) = {0, .- -, vn) € OB(d)" ™ | (vg,...,vn) €T},

and

Sucr(vo, ... Vn—1) = {p € OB(d) | (vo,...,Vn—1,p) € T}.
For notational convenience let Sucr({)) = Levo(T). Assume (v) € T.
Define

Toy = {(vo,. .. Vk-1) | k <w, (v,10,...,v-1) €T},
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and by recursion when (v, ...,v,) € T define
T(Vo,mwn) = (T<VO7~-'yVn71>)<Vn>'
(2) The measures E¢(d) (d € P+ D, £ < o(E)) on OB(d) are defined as follows:
YX C OB(d) (X € E¢(d) <= mce(d) Eng(X)),
where
mce(d) = {{jg, (@), Re(a)) | @ € d, & < jg (k)},
where R¢ is defined for each k < oo <> by
Re(@) = (a) ~(Fe | € <& a < jn, (5).

The intersection of the measures is named E(d). That is

E(d) = [{Ee(d) | € < o(E)}.

(3) Aset T C OB(d)<¢ (1 < £ < w) ordered by end-extension and closed under
initial segments is a tree. A tree T C OB(d)<“ is called a d-tree if for each
(Vs -y Vn—1) € T we have v, < vi11 (kK <n—1), and for each n < w,

Y{vo,...,Un—1) €T Sucr(vo,...,Vn-1) € E(d).

(4) Assume ¢,d € P,+ D, ¢ C d, and T is a tree with elements from OB(d).
Then the projection of T to a a tree with elements from OB(c) is

Tle={{wlec,...;vnle)|n<ht(T),{vo,...,vn) € T}

Definition 4.5. The following list of points leads to the definition of (Pg ., <, <*).
e A condition f is in the forcing notion P% if f:d — YR is a function
such that: ’
(1) ReEde P+ D;
(2) For each & € d, f(a) = (fo(@),..., fr—1(@)) is an increasing se-
quence in ‘R;
(3) For each @ € d and i < |f(@)], (o(f;(a@)) < o(@)).
(4) For each & € d, the sequence (o(f;(@)) | ¢ < |f(&@)]) is non-
increasing.
o Let f,g € Py . We say that f is an extension of g (f gﬁ,g ) g9)if fDg.
e As usual we write OB(f), E¢(f), E(f), mce(f), and f-tree, for OB(dom f),
E¢(dom f), E(dom f), mce(dom f), and dom f-tree, respectively, where f €

Ee’
e Assume [ € P*E,e and v € OB(f). Define g = f;,) to be of the form
g=9g— " g_ (The case g_ = () is allowed) where:
(1) domg_, = dom f;
(2) For each @ € domg_,,

9-(a) = {f(a) AT (@), o e domy, (@) > fis@) ()
B f(@) Otherwise,

where

) k=min{l < |f(@)] | VI < i < |f(@)] o(fi()) < o(v(@))}.
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The above value of k is defined so as to ensure that (o(f;(@)) | i<
k)™ 0(1/(&)) is non-increasing. The part removed from f(&), i

f(@) 1 ([f(@)| \ k), will appear in g._;
(3) domg._ = {v(a) | & € domwv, o(v(&)) > 0};
(4) For each & € domv such that o(v(&)) > 0 we have

9-(v(a)) = f(@) | (F(@)]\B).
where k is defined by (*).

A condition p in the forcing notion Pg ., is of the form (f, A) where:

(1) fePg s

(2) Ais an f-tree such that for each (v) € A and each & € domv,

fir@-1(@) <v(@).

We write fP, AP, and mce(p), for f, A, and mece(f), respectively.
Let p,q € Pg .. We say that p is a Prikry extension of ¢ (p <p,._ q) if

(1) fP<p. [f%

E,e

(2) AP I dom faC A9,
A condition p in the forcing notion Pg . is of the form p. ~ p_. where
p. €Pp . andp_ € [lic,, Pe; (n < w), where €; are extender sequences
such that o(&;) < o(E), &; € Virit(eig) €n—1 € Vi, and for each (v) € AP~
v(R)o > crit(én—_1).
Conditions in Pz . have lower parts IP)E,EH defined by PEEH ={p_|pe€
Pz}
For p € P . we define fP recursively to be fP— 7 fP—, and we write fP.
and fP, for fP— and fP—, respectively.
Let p,q € P .. We say that p is a Prikry extension of ¢ (p <p . q) if:

(1) p— <" q—;

(2) p— <" g
We say that p is a strong Prikry extension of ¢ (p <p* ¢) if p <* ¢ and
fP= . |
Assume ¢ € P ., and (v) € A?. The condition p € Py, is the one point
extension of ¢ by () (p = q(,y) if it is of the form p_ ~ p_, where p_ € Pe_,
and p_, € Py ., are defined as follows.

(1) fp = f(q,,>~

(2) AP~ = A‘gu>.
(3) AP— = {(T(p0),-- -, T(tn)) | n < w, {foy---,tn) € A%, pn < v},

where the extender sequence T'(u) is defined by:

dom (T(1)) = {v(@) | & € dom p, o(v(a)) > 0},

i+1

and
(T(w) (v(@)) = ula).
Define qqy,,... .,y recursively by (qug,....v,_1)) (), Where (vo,...,vp 1) €

Assume p € P . and (v) € AP~. Then
Py =P Py (V) € AP~
Define p(y,,....1,) recursively by (D, ve 1)) ()
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e Let p,q € Pg .. Then p is stronger than g (p <p, ¢q) if p=7r"" s and there
is (vg,...,vn—1) € A% such that:
(1) S Sﬁ;E,e q_’<V07--~7Vn71>'
(2) r<q-.
e Assume p € Pg .. Then p_, € Pg . and we define
Poc/p—={a€Pp.la<p-},

and

Pp.e/p—={r|r<p-_}.
It is obvious that Py /p factors to Pg ./p— x Pg . /p—..

The forcing notion Pz . preserves all cardinals. The roadmap of the proof of this
fact is as follows:
(1) The x*F-cc of P, is proved in 4.6.
(2) The forcing Pg . is shown to be of Prikry type in 4.12, which together
with the factoring of P ./p to two Prikry type forcing notions Pg . /p_. x
Pg ./p—, where the Prikry order on P . /p_. is closed enough and Pg . /p.
is small enough, yields that all cardinals up to s are preserved. Since k is
a limit cardinal it is preserved also.
(3) A special argument is given for the preservation of k™ in 4.14.

Claim 4.6. Py . satisfies the kT -cc.

Proof. Take an anti-chain {p* | ¢ < T} C Pp .. Assume without loss of generality
that p&t = pé2 for each &; < & < s+, Note that for each two conditions p,q €
Pg e, if f? |lpx  f9 then p [lp, q. Necessarily the set <f]"i | € < kTT) is of size
x*+, and we are done by the x++-cc of Py - O

The following claim is immediate from the definition of the forcing notion P .

Claim 4.7. Assume p € Pg ., for each n < w, (vo,...,Vp_1) € AP~ and r <
Dlve,....vn_1)— there is an E(p_)-tree T" (vo,...,vp_1) C A]é';(; y such that

seesVn—1
T/_\<féoVo,...,Un71)—>7TT(V()? HERE) Vn—1)> € PE,&'

Then there is a strong Prikry extension p* <** p such that for each (vg,...,vp_1) €
APS and r < p*

(v0,--Vn—1)"

r Ap?Vowanfﬁﬂ <"r /—\<fgjyo7.,,,yn71>—)’ TT(V07 sy Vn71)>-

Definition 4.8. (1) A tree T C OB(d)"*!, where n < w, is called d-fat if for
each (vg,...,vn) €T, Vg < Vg1 (k <n), and for each k < n,

V<l/0, ey Z/k_1> eT di< O(E) SUCT(V(), ey Vk—l) S El(d)

As usual we call a tree f-fat if the tree is a dom f-fat for a condition
fe P*E',e’ and p-fat if it is an fP-fat for a condition p € Pg ..

(2) d-fat trees are measure one sets for @ppropriate measure. To characterize

such a measure a function ¢ : T'— o(E), with domain a d-fat tree, is needed
such that for each k <n,

V(vo,. .., Vk—1) €T Sucr(vo,...,Vk—1) € E,(uy,....00_1)(d).
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Thus define by recursion the product measure FE,(d) on OB(d)"*!, where
t: T — o(Es) and T is a tree of height n + 1, as follows:
X €eE(d) <
{{vo, ..., vn—1) € Levy,_1(X) | Sucx (vo, .-, ¥n-1) € By, (d)}
€ E\jLev, (1) (d),
where we set E() = {()} and consider it a measure on OB(d)? = {()}. Note

that essentially F(,(d) = E,(d). For ¢ : T — o(E), where for each n < w
T | Lev,(T) is a d-fat tree, the measure E,(d) on OB(d)<“ is defined by
recursion as follows:

X € E(d) <= Vn<w Levy(X) € Ejrev, (1) (d).
The intersection of all the measures on OB(d)" is named E(™)(d), i.e.,
EM(d) = m{Eb(d) |t: T — o(E), T is a d-fat tree of height n},

and the intersection of all the measures on OB(d)<“ is named E“)(d), i.e.,

E®(d) =({E.(d)|

t: T — o(E),T | Lev,(T) is a d-fat tree of height n for each n < w}.

Note that if 7 is a d-tree then T € E“)(d). Hence for each n < w,
Lev, (T) € EM™*1(d). Note also that if T' is a tree such that T € E“)(d),
then there is a subtree S C T such that S is a d-tree.

For the following parts a notation is needed converting a function with a tree
domain to a sequence, thus the following definition.

Definition 4.9. Assume T is a tree and r : T — P is a function. The function
7: T — P<P(T) is defined by recursion as follows. For each (vy, ..., v) € T,

F(VO,...7Vk) = {T(VO) k:O’

(o, -y vk—1) {r(vo, ..., vk)) 0 <k <ht(T).

Observe that for &€ < o(E), aset X € E(f), where f € %, can be partititioned,

modulo measure zero set, to three pairwise disjoint subsets X., X_, and X, so
that X< € g Ee(f), X= € E¢(f), and Xs € Negoo(p) Eer(f). This can be

done, for example, as follows. Let Y be a set such that for each £ < & < o(F),
mee (f) U {{je (€),€)} € jer (Y),
and Y [ dom f C X. Then define:
Xc={vldomf|veY, £¢domvor ({£ € domv and o(v(R)) < v(§)},
X_={v|domf|vey, ¢e€domy, o(v(k)) =v(},

and

Xs={vldomf|veY, £edomy, o(v(k)) >v()}.
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Lemma 4.10. Assume p € Pp ., T C AP~ is a p_.-fat tree, andr: T — Pg . is
a function such that for each (vy,..., Vht(T)_1> erT,

— 0k
W0y - s Vne(1)~1) < Plvo..meery 1) —

Then there is a strong Prikry extension p** <* p such p>_ = p_ and the set

{p— "7 Wos - e (1) =1) T Plvormeery 1) — | (P05 Vhe(ry—1) € T}
is predense below p*.

Proof. The proof is by recursion on the height of . We begin with the case n = 0,
i.e., the height of T is one, and proceed to the general case 0 < n < w, i.e., the
height of T is n + 1.

The case n = 0: Begin by setting § = A7%¢ (MNMee(f2)) where ¢ < o( E) witnesses
the fP -fatness of T. The tree satisfies S has its splitting in ﬂ§,<§ Ee (fP,), thus it
is a good candidate to be the tree in the Prikry extension p*. However, the tree
S misses measure one sets for measures E¢ with ¢ > &, so our aim is to fill in the
missing sets. For the duration of the proof let us use the following convention. For a
set X € E(fP,), thesets X, X_, and X+, are pairwise disjoint, X O X UX_UX,
X € ﬂ£,<§ Ee(f?), X= € E¢(f?,), and X € ﬂ£<5,<O(E) E¢ (f?,). We will define
an fP -tree A in several steps. For each (vg,...,v5—1) € S we set the successor for
the lower measures as follows:

Suca (Yo, .-+, Vk—1)< = Sucs(vo, .-, Vk—1),
Suca(vy, ..., vp—1)= ={W) €T | (vo,...,vp_1) € A7,

and

Suca(vo, .-, vk—1)s> ={pn € OB(f2) | Vv < u
v e Suca(vy, ..., Vg—1) = p € Sucar(v)s}.

For the higher measures we set the subtrees as follows.

V<V> S SU.CA(VO7 RN kal): A<,,O’m_’,,k_17,j> = A?’j)’
and

\V/</,L> € SUCA(V07 LR Vk—1)> A<V(),‘..,Vk_1,/,l,> = m{A;?VMU | <V7 /”’) € Ap-»}-

Set p* = p_ ~(fP,,A). We claim that p* is as demanded. Thus assume that
q < p*,. Thus there is (v, ...,vp_1) € AP~ such that ¢ <* P v 1y We split
the handling according to the whereabouts of (g, ..., vE_1):

Subcase (vg,...,vk—1) € S: Set X = {(v) € T | (vo,...,vp_1) € AW}
By the definition of S, X € E¢(fP,). Choose some (v) € X. Then f9 <*

Subcase | < k, (vo,...,vi—1) € S, and () € Suca(vp,...,v—1)=: By the
construction (1)) € T, {vo,...,v_1) € A" and (v41,...,vp_1) € A,y Thus
fa<* fT’(VZ)(uD ..... vi_1) Afi<VL>*’<VL+1,~~,V}g—1>.

Subcase | < k, (vg,...,v—1) € S, and (v;) € Suca(vg,...,v—1)>: Then for each
v < vy such that (v) € Suca(vg,...,v_1)=, we have (vg,...,v_1) € A™™) and
(v,viy ... Vg—1) € AP~ Thus f? <* fr(")

(vo,.-svi—1) — (V)= (Vig1, s Vh—1) "
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The case 0 < n < w: By recursion there is a strong Prikry extension ¢ <** p_,
such that the set

{p<— a F(VOv e Vﬂ—l) ’\p<l/0,...,V'rL*1>4’ | <V07 ceey Vn—1> € T}

is predense below p. ~ ¢. Again by recursion, for each (vy,...,v,—1) € T there is
a strong Prikry extension ¢0-»¥n—1 <** ¢ such that the set

{p— " 7(vo, ..., Vn-1,Vn) T Do tn—1ivm)— | (V055 ¥n—1,vn) €T}

—

is pre-dense below p._ — ¢”°¥»=1. Construct a strong Prikry extension ¢* <** ¢
such that gy, . v, _,)— <™ ¢"0 =1 for each (1g,...,v,-1) € T. Then

{p— "7 (vo, ..., Vn-1,Vn) T P(vortn—1,vm)— | (V055 ¥n—1,vn) €T}

is pre-dense below p. — ¢*. Thus by setting p* = p_ ~ ¢* we are done. ([l

Recall Shelah’s definition of a generic condition over an elementary submodel:
Assume x is large enough, N < H, is an elementary submodel, and P € N is a
forcing notion. A condition p € P is called (N, P)-generic if for each dense open
subset D € N of P,

plkp "DNGNN#£0,

where G is the name of the P-generic object.

Let N < H, be an elementary submodel such that |[N| = k, N D N<F, ]P*E,e €N,
and f € P5 _NN. Let (D¢ | £ < &) be an enumeration of the dense open subsets of
PE,E appeafing in N. Since N is closed under < k sequences, and P*E,e is k*-closed,
one can construct by induction a <*-decreasing sequence below f, (f¢ | & < &),
such that f*1 € De N N. Let f* = U{f* | € < x}. It is clear that f* is an
(N, P*E’E>-generic condition. In fact the condition f* satisifes a stronger property
than (N, IP’Ee}—genericity. Le., it satisifes that for each D € N a dense open subset
of P*E,e there is a weaker condition g >* f* such that ¢ € D N N. A condition
satisifying this stronger property is called (N, IE”}‘;’J—completely generic.

In the context of the forcing notions Pz . and P*E,e we have a yet stronger prop-
erty. In the forcing IP’j;j,6 the conditions f and f(,, are incompatible. However, we
force with P ., thus Py -conditions with Cohen parts f and f,y parts will appear
in a Pz -generic filter.

Thus we define a condition f* € IPEE to be (N, P*E,e)—fully generic if there is an
f*-tree A such that for each (vg,...,v,—1) € A and each D € N a dense open
subset of ]P)*E,e below fi,tdom f....,v, [dom f)— there is a condition g >* f{yo)“w")_}
such that ¢ € D N N. The construction of an (N, IP’*Ee)—fully generic condition is
done like the construction of the (IV, P*Eye)—completely generic condition, one just
take more dense open subsets appearing in N into the enumeration.

Lemma 4.11. Assume p € Pg ., and D is a dense open subset of P .. Then
there are a Prikry extension p* <* p, a p*-fat tree T C AP", and a function r : T —
Pg ., such that for each (vo, ..., vuyr)—1) €T,

*

. ok
T(V()v"'al/ht(T)—l) < p(uo,...,uht(T),Q(—’
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and

F(VO’ ) Vht(T)—l) Ap?l’07~~vl’ht(T)—1>—’ €D.

Proof. The proof is done in two stages. In the first stage we prove that given a
condition p € Pz ., and n < w, there is a Prikry extension p* <* p such that either

Y{vgy ..., Vp—1) € AP” Vg <* pzkuo,“.,unﬂ) q¢ D,

or there are a p*-fat tree T C AP of height n and a function r : T — Pg .. such
that for each (vg,...,vn—1) €T,

s kk %
T(VO7...7Vn_1) S p(”OvuyVn—l)‘_’

and

T(Voy -+ s Vn—1) Ap“ZUO _____ vn_1)— € D.

In the second stage we pick one Prikry extension satisfying the above for all n < w,
and show by contradiction that the first case above cannot hold for all n < w.

Stage I. The proof is by recursion on ht(7'). We begin with trees of height
one (the case n = 0) and proceed to trees of arbitrary height afterwards (the case
0<n<w).

The case n = 0. Let x be large enough, N < H, be an elementary submodel
such that [N| =k, NDN<*, NNsT e x™,Pg D e N,andpePg _ NN. Let
f* <% fP be an (N,P% )-fully generic condition. Let A be a tree witnessing the
(N, P*E’E>—full genericity of f*. For each (1) € A set

Dy, v ={q <" plgy— | dom [ D domwvy, Is <* (f*, A) ()~ s q € D}.

(vo)
Since (f*, A)(p)— € N, thus Df , € N. Now let DZ‘VU> be Dz’;0> U D’<’lfo>7 where
lae D<€Vo)}’

(vo)
Dl* — {fq <>k

l/o l[dom fP)—

and

Dy =19 < | domg 2 domwy, Vg' € Djy .y g L g'}.

1/0 l[dom fP)—
Observe that the sets Dz* ) D<U ) are open subsets of P, , and the sets D?uo) are
dense open subsets of IP’* . below f o ldom f7)— . Moreover, all of these sets are in N.
Thus in particular f7, , E (D7, | (vo) € A}. We split the handling according
to the whereabouts of the condltlon f

(1) By removing a measure zero set from the tree A we have that for each (1g) €
A, flo— € D”* Set, p* (f* A). Consider the condition ¢ <* pj, ,. By
the deﬁmtlon of the order <*, (5 A) ey and g, < prgy—. If
q € D then we have f9, € D?;0> Thus fa L f<UO - Contradiction. Thus
we get that for each (1) € AP and ¢ <* p’<"l,0>, q¢ D.

(2) There exists an f*-fat tree 7" C A of height one such that for each (1) € T”,
flvgy— € Dz* y: First let g T' — Pg . be a witnessing function for the
satisfcation of the formula. That is for each (1) € T”, f4(v0) = Fivoy—
q(v0) € D(yyy- Then let s : T" — P . be a witnessing function for the

definition of the set D(Euo)’ i.e., for each (1g) € T', s(vo) <* (f*, A) (vy)— and

and
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s(10) " q(vg) € D. Set g/ = f2e(Dmeel™) yhere ¢ < o E) witnesses that
T’ is an f*-fat tree of height one. Then set g = {{(a,¢'(@ [ §)) |a €D, a |
¢ € domg'}. Observe that g <* f*. Construct a condition p* <* (f*, A)
such that f?° = g, and for each (1) € AP" such that (v | dom f*) €
T, p?u())é <* q(vg | dom f*). Set T = {(vg) € AP | (1o | dom f*) €

T!, felvoldom f*) — P01 and observe that T is a p*-fat tree of height one
with the same witness ¢ as the tree 7”. Define a function r : ' — Pg .
by choosing a condition r(rg) such that r(vo) <** s(vo [ dom f*),py,,
All in all we have that for each (vp) € T,

r(vo) ’\pz‘ <* s(vp | dom f*) " q(vp | dom f*) € D,

vo)— —

P

thus by the openess of D,
r(v0) " Py € D,
by which we are done.

The case 0 < n < w: Let x be large enough, N < H, be an elementary submodel
such that [N| =k, ND N<*, NNskT € k™, P _,D e N,andpePg _ NN. Let
f* <* fP be an (N, ]P’}‘;J_J—fully generic condition. Let A be a tree witnessing the
(N, ]P’*E’E>—full genericity of P .- For each (v) € A the set

Doy = {4 < Piwgrdom fry— | dom f? D domuwy, Is < (f*, A)y— s~ g€ D}

is a dense open subset of Pz . /P(vo1dom fry—- By recursion the set

Dg,y =14 < plugidom fry— | dom 4 2 dom vy,
(Y1, vm) € ATYG < quy,vny @ ¢ Digy) or
(3T C A7 a g-fat tree of height n Ir: T — Pp
P, ) < Qe T V) " Qun oy — € Diey)
is a dense open subset of (Pg ./p(y; dom fry—, <*). Thus the set D’{VO) ={fi]qe
D<€V0>} is a dense open subset of P}, below fErotdemI®) - Phug for each (1) € A,

f<*l,0> € DZ‘V(J). By the definition of the sets D,y and D<€u0>7 there is a function

q:A— Pg, ., such that for each (vp) € A, we have f1(0) = fivey— and either

v<V17 i '7Vn> € Aq(VO) Vq* S* q(VO)(z/l,...,Vn> q* ¢ D7

or there are is a condition s < (f*, A)(,,y—, an f*-fat tree T' of height n, and a
function r : T'— Pz . such that for each (vq,...,v,) € T,

F(Vla”wyn) é** Q(V0)<u1 ..... V)

and

—~

s T (w1, V) T q(l/o)@l,__wn)_, e D.

The crucial point is the possibility to choose a Prikry extension s <* (f*, A),,)—
on a measure one set. Thus one and only one of the following can hold.

(1) For each (1) € A,
V<V17 ceey Vn> € Aq(yo) Vs* S* <f*a A>(u0)<— Vq* S* q(VO)(ul,..A,un) st q* ¢ D.
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In this case we define the condition p* so as to satisfy p* <* p and

Plugy— <7 a(vo) for each (vp) € A. We get that for each (vo,v1,... ) €

AP" and each ¢ <* p’{uo’ g ¢ D, by which the current case was
proved.

(2) There are an f*-fat tree S C A of height one, a function s : S — Pg .,

for each (1) € S there are an f*-fat tree T%° of height n, and a function

VlyeeesVn))

rv0 : TY — Pg . such that for each (vy,...,v,) € T,
s(vo) < (f*, A) (wo) —>
O, Vi) < q(V0) (o)

and
s(vo) T (i, vn) T @(M0) () — € D

Set ¢/ = fiEe()meel/N) ywhere ¢ < o(E) witnesses that S is an f*-fat
tree of height one. Then set g = {{(a,g'(@ [ &) |a €D, a | & € domyg'}.
Observe that g <* f*. Construct a condition p* <* (f* A) such that
fP" =g, and for each (v) € AP such that (1o | dom f*) € S, Plugy— <7
q(vo | dom f*). Now construct an f*-fat tree of height n + 1 as follows.
Levo(T) = {(n) € AP" | (vo | dom f*) € S, fs(uordomf*) _ fﬂ"“}
and

Ty = {(v1,...,v) € AT [ 1<k <n,
(vy | dom f*,... v | dom f*) € Tvoldomf™y,
Define a function r: ' — P . so as to satisfy
F(vo) < s(v | dom £), plyy
and
T(Vo, V1y- ey Vp) <F W”rdomf*(yl [ dom f*,...v, | dom f*).
All in all we have that for each (vg,v1,...,v,) €T,

—~ % *

s(v | dom f*) ™ @oldom ™ (1 dom f*, ... vy, | dom f*)
q(vo [ dom f*)(; tdom f+,...v [dom £+))— € D,
thus by the openess of D,
Vo5 vn) " Plug,.wmy— € D,
by which we are done.

Stage II. Assume p € Py .. By invocation of stage I for w-many times con-
struct a condition p* <* p such that for each n < w either

V<V0, sy l/n,1> € Ap* Vg <* p?vo,n.,un—l) q ¢ D,

or there are a p*-fat tree T' of height n, and a function r : T'— Pg . such that for
each (vg,...,vp_1) €T,

— sk |k
T(VOa"'ayn—l) S p<yo,_..,yn_1><_a
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and

F(VO’ ceey anl) Apzkuo,...,un_n—» eD.
Towards a contradiction let us assume that for each n < w we have
V{vo,... Vn—1) € AP Vg <* p?l/o,m,un—l) q¢D.

This means that for each ¢ < p*, ¢ ¢ D, contradiction to the density of D. Thus
we must have a p*-fat tree T" and a function r : T — Pg . of height n < w such
that for each (vg,...,vn—1) €T,

-, *% K
T(Voy ..oy Un—1) < Plvorevm 1)

and

F(Vo, ey V’n—l) Ap?yo,...,yn,l)e S Dv

by which we are done. [
Claim 4.12. The forcing (Pg ., <,<*) is of Prikry type.

Proof. Assume p € Pg . and let o be a formula in the Pg -forcing language. We
will construct by induction the sequence (s¢,qe | & < A) where {s¢ | £ < A} is a
maximal anti-chain below p. (and thus A < k), and (g¢ | £ < A) is a <*-decreasing
sequence below p_, such that s ™ ge || o as follows.

Assume (sgr,qer | & < &) were defined. If {sg | ¢ < &} is a maximal anti-
chain below p._ then we are done and we set A to be £& Otherwise choose a
condition s’ < p._ such that s’ is incompatible with each of the conditions s¢
(¢’ < &). Then choose a condition ¢’ such that ¢’ <* g for each ¢ < &. The set
D€ ={q<¢|3s<s" s q| o}isa dense open subset of Pz . below ¢’. By 4.11
there are a condition ¢/ <* ¢, a ¢’-fat tree T C A?", and a function r with domain
T, such that for each (vo,...,vnyry—1) €T,

— sk 11
T(VOV")Vht(T)fl) < q<l/0,...,1/ht(T)_1><—7
and

. v/ €
T(VO""’Vht(T)_l) Lo, ..., vme(ry—1)— €D

By removing a measure zero set from 7' we get that there is a condition s¢ < &’
such that for each (v, ..., vnr)-1) € T,

se (M0, Vng(my—1) qz/l,o,“,,l,ht(m,ﬂ_) | o
Remvoing another measure zero set from 7" yields that for each (vo, ..., vhe(ry—1) €
T,

S¢ - 7?(1/0, DR Vht(T)—l) - qzllfov--w’/ht(T)fﬂ—’ I+ ¢7

where ¢ is =0 or o. Invocation of 4.10 yields a condition g¢ <** ¢” such that
{se 770, - o) =1) T Qo) — | (P05 iy —1) € T}

is pre-dense below s¢ ™ g¢. Thus we get s¢ ~qe || 0.
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When the induction terminates choose a condition ¢* such that ¢* <* g, for each
& < . Of course we have s¢ ~ ¢* || o for each { < A. Let X and X; be a partition
of {s¢ | £ < A} defined as follows:

Xo={se | <A s¢7 ¢" IF o},
and

Xi={se|E<Nsg ¢ IFo}.
By recursion there is a direct extension s* <* p_ such that s* || " XoNG._ # 0,
where G is the name of the Py  /p_-generic filter. Now, if s* IF "XoNG_ #0"
then s* ~¢* IF —o. If s* IF"Xo NG = (" then (since {s¢ | £ < A} is a maximal
anti-chain below p._) s* IF "X1NG_ # 0", thus s* ~ ¢* IF . Either way by setting
p* =" ¢" we get p* | o. O
Lemma 4.13. Assume x is large enough, and N < H, is an elementary submodel

such that [IN| =k, N D N<*, NNkt € kt, Pz, € N, andp € Pg N N. Then
there is a Prikry extension p* <* p, satisfying p*_ = p_, which is (N,Pg )-generic.

Proof. Let f* be an (N, P )-generic condition, and A be an f*-tree witnessing the
(N, ]P’*E)G)—genericity of f*. We will get an (N,Pg .)-generic condition by removing
a measure zero set from A. We do this as follows. Let (D¢ | £ < k) be an
enumeration of the dense open subsets of Pz . appearing in N. For each n < w and
(Voy -+ yUn—1) € A set

Zkug,...,yn,l) = {f S* fpH | 3q € PE‘,E fq = f{l/o,.“,l/n,ﬂ—)
Vé‘ < anl(li) q “_PE,e/p<VO ,_DE<V07"'1VW—1> N G 7& @—‘}’

(in the above formula G is used as the name of a Pg . /p,.....,,_,)—-generic filter)

where for each £ < k,

Df(”O ----- Vn—1) — {S < Plug,.ovm_1)— | dr < Po,.ovn_1)— rse Dg}
Since the set De¢(y,.....v,_,) is a dense open subset of Pz ./pu,.....v,_1)—, the set
Dz“yow’yni1> is a dense open subset of P*E,e below fP—. Since A C N, both sets
(vo,.vm_1) and D’{VO ’’’’’ Vo _y) ATE in N. Thus by the construction of f* we can
choose for each (vg,...,v,—1) € A a condition ¢(vp,...,v,—1) such that for some
fe D’ZVOW)VW1> N N we have f >* f* and fa(vo:-vn-1) = Jtworom_1)—-

Use 4.7 to construct a strong Prikry extension p* <** (f* A) satisfying for
each (vg,...,vp_1) € AP”, gz)’gyOw’VWQH <* q(vo,...,Vn-1). We claim that p* is
(N,Pg .)-generic. To show this let D € N be a dense open subset of Pz ., and G
be Pz -generic with p* € G. Let ¢ < k be such that D = D.. The set

{p?uo,...,yn,l) | n<w, <V07 LR V7L—1> € Ap*7 Vﬂ—l(’{) > C}
is a predense subset of Pg . below p*. Thus we will be done if we show that
Pl IF "D:NGNN # 0" when v,,_1 (k) > ¢. So assume that (vg,...,v,_1) €

AP and v,,_1(k) > . By the construction of p* we know that

p?yo,...,vn_ﬁ—» S* q(V()a R} Vn—l)
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while

q(Vo, ey l/nfl) “_]PE.e/p<V0 I_DC(V(),---,I/nfﬂ N G N N 7£ @j.

Vg 1) —

o~

D¢,y NG N N # (', Factor G

to G * G_. where G_, is a Pg /p(y,.... v, _,)—-generic filter over V, and G is
P& /Prwo,....vn_r)—-generic filter over V[G_.]. In V|[G] define the set D' = {r <
Plvorrvmi)— | 35 € Deguy,wn_yy VG-, 77 s € D¢}. Observe that D’ is a dense
open subset of Pz ./puy....v,_,)— and trivially D’ C N. Moreover, D" € NI[G]
where N[G] = {a[G] | @ € N is a Pg -name} < 7YY Thus D'NG_ NN # 0.
That is, there are r € G_ NN and s € G, NN suchthat r ~s€ D.NGNN. U

Thus pz‘yo )

e Vp_1)— thE,e/P(uo,.,.,u”fl)ﬂ

A properness type argument using the above lemma yields:
Corollary 4.14. In a Pg -generic extension (kT)v is preserved.

Following the roadmap appearing after 4.5 one gets:
Corollary 4.15. The forcing Pg . preserves all cardinals.

Proof. By 4.6 and 4.14 the cardinals above k are preserved. Let A < k be car-
dinal. Choose a condition p € Pg . such that p._, is above A. Factor Pz . to
Pg/p— xPp/(p—— " p_). The A\-closure of (Pg ./(p—— ~ p_.),<*) together
with the Prikry property yield that a witness to a possible collpase of A should be
in VPe.c/P—— while by recursion there is no such witness. O

Definition 4.16. Let G be Py -generic. For each k < a <,
G =|J{f*.(a) |p€ G, acdomfr},
C*={ip|veG.
It is evident that C” is a club. Density arguments shows that for a # 8,
C® # CB. Taking into consideration the number of anti-chains we get:
Corollary 4.17. Irp, 128 = |e| .

Claim 4.18. Assume k < o < €. Then

ot(CY) =

v

K o(a)

. {wﬁ(m ordinal exponentation) o(a&) =0 < &,
K.

5. PROPERTIES OF k IN VF%.c RELATED TO cf(o(E))

Claim 5.1. If cf(o(E)) =1, then lbp, "cfr=w'.
Proof. Let ¢ < o(E) be such that o(E) = ¢ + 1. Choose a set X € E¢:({r}) \
Uer<c B ({R}). In V[G] define by induction 7° = min G*, and 7"*! = min{v €
GF|v>v", ve X} Then (I} | n < w) is a cofinal sequence in k. O

The following lemma shows that short enough new sequences into x are, in
general, bounded. This means that they are generated in forcing smaller than P .
Lemma 5.2. Assume 1 is a cardinal, w < 1 < min (,cf(o(E))), cf(o(E)) # &,

and p I+ rf 17 — & . Then there is a Prikry estension p* <* p such that p* = p_
and p* I+ " f is bounded in & .
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Proof. We will construct by induction the sequence (pS, F¢ : TS — k,I¢ | £ < n)
such that for each & < n:
(1) V& < & <np® < pft < pos
(2) T¢ is a ptl-fat tree of characteristic I¢, i.e., for each k < ht(T¢) and
<V0, ey Vk,1> S T€7
€+1)

)

SHCTg(Vo,...,l/kfl) (S Elﬁ(uo _____ Vk—l)(p
(3) For each (vo, ..., vpyre)—1) € T¢ there is a condition

E+1

3k 3k
T(V05 s Vng(rey)—1) < Plug gy 1)

such that

Q

r(vo, .. '»Vht(Tﬁ)—l) Apflﬁ:”quht(ﬁ)ilp I rf(f) < Ff(Vo, cees Vht(Té)—l) ;
(4) ran(I¢) is bounded in o( E).
The induction is done as follows.
£€=0: Set p° =p_..
€ < nislimit: Thus (p¢ | € < €) is defined to be a <*-decreasing sequence. Since
(P, <*) is k-closed there is a condition p® € P5 . such that V¢’ < £ p* <* i
€ +1 <n: Thus p* was constructed. Set

D={qg<p* | <np_"ql f(&) <}

First we note that D is a dense open subset of Pg . /p_. below pS. To show the
density take a condition ¢ € P ./p—.. By factoring Pz ./p to Pg . /p—. x Pg . /p—
we get a condition 7 <p_ ,, ¢ and a Py /p_-name 7 such that r IFp_ ,,
"f(¢&) =7 and Fe, /p. "7 < K. Since [Pg./p—| < k there is a set A € Prk
such that IFp, /- "+ e A". By the regularity of k, ¢ = sup A < k. Thus we have
p— "I f(E) <

By 4.11 and 4.10 there are a condition p¢t! <* p& and a pt!l-fat tree T¢ such

that for each (v, ..., Vht(T€)—1) € T¢ there is a condition
+1
(V05 -+ Vng(T6)—1) Sf@;e/p,_ Pfl,o _____ Vo)1) —

such that
() Yo, vhre—1) € TS 7oy - o, Vhaerey—1) ~ 05 D

; » Vht(T€)— ) s Yht(T€)— (VU7""yht(T5)—l>_) )
and

—~ E+1 §
{r(vo, s Vherey—1) v iy 1) | (V0,5 Vng(rey—1) € T}

is predense below p**!. Define a function F* : T¢ — k witnessing (*), i.e.,

~ —~ £+l
V{10, -+ s Vny(rey—1) € T¢ p_ " r(vp, .. s Vng(T¢)—1) p%::h_”,l,ht(ﬁ)_n_, IF

f(€) < FE(w, .. ~7Vht(T5)—1)—l'
Let I¢ be the characteristic function of T¢. If cf(o(E)) > & then ran I¢ is trivially

bounded in o(E). If cf(o(E)) < k then using the x-completeness of the measures
at hand we can remove a measure zero set from 7°¢ so that ran I¢ will be bounded

in o(E).
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At this point the induction has terminated. Choose an ordinal ¢ < o(E) such
that ran I¢ C ¢ for each £ < . Choose a set A € E¢(p") \ ﬂc/ E¢ (p”) Let us fix

" n
some v € A. Then py, L Plogsrngrey 1) whenever (v, ...,V (re)—1) % v. This
means that

]L_Apyy> I rranf' c X,
where

X = {F§<V0, .. I/ht(Tg ) | f < m, <U07 .. .,l/ht(Tg),1> S Tf, Vht(T5)71 < V}'.
Since | X| < K, sup X < k. Thus p_ p<y> I+ rf is bounded in & '. This is true for
arbitrary v € A. That is

Ywe Ap_ " p7<7y> I " f is bounded in & .
Use 4.10 to get a Prikry extension p* <** p” such that {p?y> | v € A} is predense
below p*. p_ " p* I " f is bounded in . O
Corollary 5.3. If w < cf(o(E)) < k then IFpg . "cf k= cf(o(E)) .
Proof. Since cf(o(E)) < k, lemma 5.2 implies I " cf(x) > cf(o(E))’. Thus we
are left to exhibit a sequence witnessing I- " cf(k) = cf(o(E))". Fix an increas-
ing continuous sequence (¢ | & < cf(o(E))) cofinal in o(£). Choose a family

of pairwise disjoint sets {A¢ | ¢ < cf(o(E))} such that for each ¢ < cf(o(E)),
Ae € Nec<cecery Fc({R}). In V[G] set for each § < cf(o(E E)), 7* = min{v € G* |

7 € A¢}. Then (55 | € < cf(o(E)) is cofinal in &. O
Corollary 5.4. If cf(o(E)) > k then IFpy "k is reqular .
Proof. Since cf(o(E)) > k, lemma 5.2 implies the corollary at once. O

We deal now with the case not covered by lemma 5.2, that is, when cf(o(E)) = &.
Claim 5.5. If cf(o(E)) = & then e "efk=w'.

Proof. Fix an increasing continuous sequence ((¢ | ¢ < k) cofinal in o(E). Choose
a family of pairwise disjoint sets {A¢ | £ < s} such that for each & < &, A¢ €
Nee<cecen EC({H})', In V[G] construct by induction the sequence (7" | n < w) as
follows: 7° = min G*, and for each n < w, "*! = min{v € G* | v € App}. Then
(7§ | n < w) is cofinal in k. O

As is usual with Radin forcing, some form of repeat point is needed in order
to preserve measurability. The following definition seems to be enough for this.

It is followed by a technical lemma containing the machinery needed in order to
construct a measure.

Definition 5.6. An ordinal ¢ < o(FE) is called a repeat point of E if for each
d € P+ D and set X € (. Ee(d), X is in E(d).

Lemma 5.7. Assume ¢ < o(E) is a repeat point of E, p € Pz . is a condition, and

X isa Pz .-name such that p I+ "X C &'. Then there is an extension q < p such
that

G < Dy
q- <" p_,
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and

G5 (@ mecta-) lin, g0 7 € E(X) .
Proof. Assume Yy is large enough. Let N < H, be an elementary submodel such
that |[N| = k, N D N<* NNx* € On, and p,PE’E,X € N. Let f* <* fP be a
fully (N, P} .)-generic condition. Let A be a tree such that (f*, A) <* p. For each
(v) € A set

D(u) = {f < ffV)H ‘ 3r < pe ds < <f*7A>(u)<— iB TASA<f7B> || ru(’%)o € X—l}

Observe that by Prikry’s condition the set D,y ({v) € A) is dense open below
i Thus for each (v) € A, fsy € D). In particular there is a condition

(="

r < p— and functions s : Levo(A) — Pg .. and B : Levo(A) — such that
{) e A[r7s) {fiy— BW) || "v(R)o € X'} € Ec(f).

(v)—>

Let ¢ = f/2¢(mec(F)  Then set g = {{a,¢' (@) |al¢edomg}. Observe
that ¢ <* f*. Let p* be a condition such that f?" = ¢, p* =r, and

[() € 47" | (5 | dom f*) = p_ iy, Dy <"
(fv1dom p+y—» B(v [ dom f*))} € Ec(g).

Thus je, (P*) (me; (p=.) ||jE<(IPE,e) k€ JE (X)". 0

Observe that if p and g are compatible conditions, and ¢ < o(F) is a repeat point
of £, then jg, (P)(me(p)) ”jEc Pp..) T (@) (mee(q))- Thus it makes sense to define a

subset U of P(k) in a P -generic extension by:
B¢ (P) (me¢ (o)) ||_jE< Pz,) R e JE <X)1 = phk'XeU".
Let us fix through the end of the section the repeat point ¢ and the name U.

Corollary 5.8. Assume pl- "X € U'. Then there is a Prikry extension p* <* p
such that p*_ = p_, and

B (D7) (mec (p2.)) Mg, @50 'R € jp (X)"

Proof. Construct by induction the sequence (p¢ | £ < A) (A < k) where {p5_ | £ < A}
is a maximal anti-chain below p_, (p¢, | € < \) is <*-decreasing below p_., and
jEc(p£)<mC<(pi)> ||jEC([P’E’E) i€ jp (X)" as follows.

Assume (p¢ | € < &) was constructed. If {p¢ | & < £} is a maximal anti-chain
below p_ then the induction terminates with A = £. Otherwise choose ¢’ < p_
such that ¢/ L p& for each ¢ < £. Let p’ be a Prikry extension of p¢, for each
§' <& By 5.7 there is an extension ¢ < ¢’ ~ p’ such that ¢ < ¢’, ¢, <* p/, and
JE(@) (mee(q)) HjE< ®s.) F € ju.(X)". The inductive step is finished by setting
p*=q.

When the induction terminates let p* be a condition such that p = p._ and
p*, <* p&, for each & < . We claim that JE(P") (mee (p2.)) II—jEC (P5..) "k € JEB (X)".
To show this take an arbitrary condition s ~r SjEc (Ps..) JE (P")(mee (p+.)) satistying
s < jr.(p) and r < jE (P2 )(mec (p+.))- Since jp (pL) = p—, there is £ < A such
that s || p¢ . Since jr (P™.)(mec(p=.) S;EC(PE‘J jE<(pi)<mCC(p€ w7 Sin (g,

=
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T8¢ (P) fmec pyy- THUS 877 11 (P°) e (.- 51008 T (PF) (e 9.3y i, 5.0
:‘%E]EC(X) ’T'AS‘%jEC(]PE,E) R‘,¢X O

The following claim connects the preservation of measurability with |e|. In the
case of Radin forcing, a sequence of measures of length of cofinality greater than
kT is enough in order to preserve measurability, so one might suspect a technical
weakness in the proof of the claim. However, we give an example showing the
dependency on |e| cannot be removed. Thus let £ be an extender sequence of length
kT4, where each extender has only xT3-generator, and the set of all generators is
unbounded in £, Let € be sup{jg, () | £ < x™*}. Then in the generic extension
we have 2% = k14, and there is a club of k on which 2 = ;3 holds. Now, x remains
regular but it cannot be measurable. Incidently, this example demonstrates that
the claim on preservation of measurability appearing in [5] is incorrect.

Claim 5.9. If cf(o(E)) > |e|, then k is measurable in a Pg .-generic extension.

Proof. Fix some d € P,+®. For each p < o(E) define F, = )

o <p Ep(d). Since
the sequence (F, | p < o(E)) is C-decreasing, each filter has at most x* elements,
and cf(o(E)) > kT, there is (4 < o(E) such that the sequence stablizes, i.e., for
each ¢4 < p,p' < o(E), F, = F,.

Since |D| = |e|, [{Ca | d € P+ D} < |e|. Since cf(o(E)) > |e], ¢ =sup{¢y | d €
P.+ (D)} < o(E). By the construction, ¢ is a repeat point of E. Thus, one can
consider a condition p € Py . to be also in Pg .

We prove that U is a normal measure on k. We use the common convention that
the Py -names of the sets X, X¢, Y, and U, in the generic extension are X, X57
Y, and U, respectively.

XeU XCY = Y eU: Assume p H—péye "X € U, X - Y. By lemma

5.7 there is a Prikry extension p* <* p such that jg, (p*)<mc<(p:)> II—J-EC (Ps.) "k €

JE. (X)". It is immediate that JE(P™) (mee () ”_jEC (Ps..) "iBe (X) C JE. (V)", thus
T (P") (mec (p.) ”_jEC(IPE,e) "R € B, (Y)". Hence, p* Feg YeU.

X¢U = k\X €U: Assume p Irp, "X ¢ U'. By lemma 5.7 there is a
Prikry extension p* <* p such that jg, (P*)(me.(p.)) H-jE< (Ps.) "k ¢ jp. (X)". Thus
JE (D) (mec (p2.)) Fipe (Pe.0) "k e jEC(k\X)j. Hence p* IFp,, "R\ X eU".

VE <k Xe €U = A, Xe €Ut Assume p lbp, V¢ < & Xe € U'. Using
lemma 5.7 construct by induction the sequence (p* | € < k) such that (p¢, | £ < k)

is <*-decreasing below p_,, and for each ¢ < k, p¢_ = p_. Let f* = U5<H fﬁf.
Construct an f*-tree A as follows:

Lev(A) = {v € OB(f) | ¥¢ < v(R)o (v | dom f7) € AP},

and

3
Ay = [) A7,
£<v(R)o

Set p* = p~(f*, A). By the construction we get that for each £ < &,

T8 (P") tmec(02.)) S, ) T8 (0 fine (55 )y
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Thus JE, (p*)<mcg(pl)> ll—ng(PE,e) rvg < Kk K € jEC(Xf)—I. Thus p* I+ FA£<K Xg €
' O
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