PRIKRY ON EXTENDERS, REVISITED

CARMI MERIMOVICH

ABSTRACT. The extender based forcing of Gitik and Magidor is generalized to
yield, given any extender j:V — M with critical point x, a cardinal preserving
generic extension with no new bounded subset of x in which cf(k) = w and
K = 1j(R).

Assuming a superstrong cardinal exists, the forcing notion is used to con-
struct a model in which the added Prikry sequences are a scale in the normal
Prikry sequence.

In addition, several ways to produce generic filter over an iterated ultra-
power are presented.

1. INTRODUCTION

In [5] an extender based forcing notion was introduced which yields a cardinal
preserving generic extension with no new bounded subset of x in which cf(k) = w
and k¥ = A for some A < j(k), given an extender j:V — M with critical point &.
In the case that sup{j(f)(k) | f:x — Kk} < A < j(k) this construction required a
preliminary forcing to add a function f:x — k such that j(f)(x) > A.

In this work we present a modification of the above mentioned forcing which
eliminates the requirement for a function f such that A < j(f)(x). We use this
forcing to construct from a superstrong extender j:V — M a model satisfying
2% = j(k), and having a Prikry sequence G* in k together with a scale (G* | A <
j(k)) in [ G*/D, such that tcf(J[]G*/D) = X for each regular A\ < j(x), where D
is the cofinite filter on w.

In order to show this we calculate the tcf of the added Prikry sequences. This
calculation builds on Sharon’s calculation [10] of the tcf of the sequences added
in the forcing of [5], which in turn followed on the calculation in [6] of the tcf of
sequences in Prikry’s original forcing [9], and in the model of Magidor [8].

In [3, 1] it was shown how to construct, working inside V, a generic filter for
the Prikry forcing over an iterated ultrapower of V. In [2] it was shown how to
construct, working inside V', a generic filter for the Radin forcing over an iterated
ultrapower of V. In [7] the sequences generated along the w-iterations, and their
relation to the extender based forcing were considered. Along these lines we have
tried to construct, working in V', a generic filter for the extender based forcing over
the w-iterated ultrapower of V. To get a full result we had to use either some form
of supercompactness or to Cohen blow-up the power of x*.

Date: May 26, 2005.

1991 Mathematics Subject Classification. Primary 03E35, 03E55.

Key words and phrases. Singular cardinals, Forcing, Extenders.

The writing of this paper was partially supported by the Israel Science Foundation.

1



2 CARMI MERIMOVICH

The structure of this work is as follows: In section 2 we give some basic definitions
used in later sections (e.g., extenders, trees). In section 3 a detailed presentation
of the forcing notion is given. This section culminates with the theorem

Theorem (3.32). Assume GCH, j:V — M D M* and crit(j) = k. Then there is
cardinal preserving generic extension in which k¥ = |j(k)|, cf Kk = w, and there are
no new bounded subsets of k.

In section 4 we start from a superstrong cardinal and get the following.

Theorem (4.15). Assume GCH, j:V — M D M", M D V) and critj = k.
Then there is a cardinal preserving generic extension in which cf kK = w, k¥ = j(k),
and such that there is a Prikry sequence G* in r and a scale (G | A < j(k))
of length j(k) in [[G"/D such that tcf([[G*/D) = X for each regular cardinal
A < j(k).

In section 5 we show several ways (mainly because we do not know the ‘right’
way, if it exists at all) to generate a generic filter in V' over the w iterate of V.

This work is largely self contained, however knowledge of [5] will make it much
easier. The notation we use is standard. We assume fluency with forcing, large
cardinals, extenders, and some basic pcf theory.

2. PRELIMINARIES

2.1. Elementary embeddings and Extenders. The extenders we use here were
used in [5] where they were called nice system. A simplification appears in [4].
Definition 2.1. Let j:V — M be an elementary embedding and crit(j) = k.
(1) The generators! of j are defined by induction as
Ko = crit(y),
ke =min{\ € On | V& < {Vpu e OnVf:p— On j(f)(ke) # A}
If the induction terminates, then we have a set of generators for j:
9(j) = {re [ £ < €7}
(2) For o, 8 € On we say a <; § if

(a) o< B.
(b) There are u € On and f:p — On such that j(f)(8) = a.
(3) Assume « € On and XA € On is minimal such that j(A) > a. We set

E(a) = {AC | a e j(A)}.
It is well know that E(«) is a k-complete ultrafilter over A.

Definition 2.2. Let j:V — M D M" be an elementary embedding such that
crit(j) = k and g(j) C j(x). The extender E derived from j is the system
E={(E(o)|acjk)\r), (Tpalafejlr)\r a<;pb)).
where
(1) B(e) ={ACr|aej(A)}

LThe definition of generators differs slightly from the usual one since we use only one ordinal
to index our extenders.
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(2) For «, 3 € j(k) \ & such that o <; 8 the function 75 o :k — & is such that
Jj(mg,a)(8) = o. (Note that a <j 8 means there are many such functions.
Any one of them will do as 7g,4.)

We assume that it is known how to reconstruct j from FE, i.e., j is the natural

embedding j:V — Ult(V, E). We will use <g and dom F as synonyms for <; and
j(k) \ K respectively.

Claim 2.3. Assumej:V — M D M*, crit(j) = x and g(j) C j(k). Then <; | j(k)
is kT -directed.

Proof. Let X € [j(k)]=F. We need to find 3 < j(k) such that Vo € X 8>;a.

Let us fix a function e:rx 222 [£]<% such that for cach A € []<F, e7A is

unbounded in . Of course, j(e):j(k) 222 ([j (k)] <)) .

Let = sup X. Since X € M we get u < j(k). Since X € ([j(k)]<7*))p there
are § > p and a function g such that j(e)(8) = X and j(g)(8) = j” ot(X). We
show that 3>j« for all @ € X. So, let o € X.

We let € = ot(X Na). Then we set Vv < k ge(v) = ot(g(v)NE). Thus j(ge)(B) =
ot(j(9)(B) N (§)) = ot(j” ot (X) N j(§)) = & We set Vv <k f(v) = min{y € e(v)
ot(e(v) Nv) = ge(v))}. Then j(f)(B) = min{y € X [ot(X Ny) =&} = o O

In this paper we use only elementary embeddings with a set of generators. (I.e.,
g(7) is bounded by some ordinal). Hence an elementary embedding j is definable
from a set parameter, so terms of the forms j(j) have definite meaning. We as-
sume the theory of iterating elementary embeddings is known and give the basic
definitions and propositions we need in order to get to the w-iterate of V.

Definition 2.4. Assume j:V — M is an elementary embedding. We define by
induction for each n < w

Joi =7, Mo =1V,
jn+1,n+2 - j(jn,n+1) : Mn+1 - Mn+2'

We ‘complete’ the list of j’s by setting Vn < m < w

jn,n == 1d7
jn,m = jm—l,m ©---0 jn,n—i-l)
jn = jO,n-

Proposition 2.5. Assume j:V — M D M", crit(j) = &, 9(j) Cj(k), 0 <n < w
and T € jn(j(k) \ k). Then there is T* € j(k) such that j,(7*) >, .., T

Proof. The proof is done by induction on n.

e n=1: Wechoose f:k — j(k) and a € j(k)\k such that j(f)(a) = 7. Since
< I j(k) is kT -directed, there is 7* € j(k) such that Vv < k 7* > f(v).
Hence .7(7—*) >j1,2 j(f)(Oé) =T.

e n > 1: Assume 7 € j,(j(k)\ k) Since jn—1,n(Jn(£) \jn-1(k)) = jn(j(K) \ K),
we get T € jp—1,n(Jn(k)\Jn-1(k)). By the case n = 1 applied in M,,_ there
is 7" € jn(k) such that j,_1,,(7"*) >;, .., 7. By the induction hypothesis,
there is 7* € j(x) such that j,_i(7*) >;,_, . 7. So

]n(T*) = jnfl,n(jnfl(T*)) D jnfl,n(T/*) Zhmngr T
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Corollary 2.6. Assume j:V — M D M*, crit(j) = &, g(j) C j(k), n <
w and x € M,. Then there are f:x|" — V and o € j(k) such that x =
jn(f)(avj(a)7~-~ajn71(a))-

2.2. Trees and U-trees.

Definition 2.7. [k]<¥ = {(vo,...,vk) |k <w, v < - <y <K} .

Definition 2.8. A set T' C [k]<“ ordered by end-extension and closed under initial
segments is called a tree.

Definition 2.9. Assume T C [k]<% is a tree. Then for each k < w

(1) Y{vo,...,vk) € T Sucr(vo,...,vx) ={v < x| {vo,...,vg,v) € T}
(2) Levp(T) =T N [k]*+L.

Definition 2.10. Assume 7' C []<“ is a tree, k < w and (v, ...,v,—1) € T. Then
Tivo,ovnr) = {(WVhs--- vn) € (K]S9 | (Voy - s Vke1, Vhy - o s V) € T}
Note the degenerate case Ty =T
Definition 2.11. Assume T C [k]<“ is a tree, k < w and A C [k]**! . Then
TIA={{vo,...,vn) €T |n<w, (vy,...,vg) € A}.
Definition 2.12. Assume 7' C [x]<“ is a tree and 7:x — k. Then
N T) = {{vo,..., ) € [K]~¥ | k <w, (n(n),..., (1)) € T}

Definition 2.13. Let F' be a function such that dom F' C []<“ is a tree, k < w
and (vo,...,vk—1) € dom F. Then Fy,, . ,, .y is the function defined as follows:

(1) dom(F(l/o,...,Vk,1>) = (dom F)<V0,---7Vk—1>'
(2) Frug ) Whs oo osvn) = F(Voy oo V1, Vi o -+, V).
Note the degenerate case Fyy = F'.

Definition 2.14. Let F' be a function such that dom F C [k]<“ is a tree and
7:k — K. Then 7~1(F) is the function defined as follows:

(1) dom7=1(F) = 7=1(dom F).
(2) (v, ... vp) € domaL(F) (n=L(F)) (v, ) = F(x(vn), - ., w(vi))-
From now until the end of the section we assume U is a k-complete ultrafilter
on K.
Definition 2.15. A tree T' C [x|<“ is a U-tree if
(1) LeVQ(T) eU.
(2) VkE < w Y{vy,...,v,) € T Sucy(vg,...,v) € U.
We recall the definition of filter product in order to define powers of U.

Definition 2.16. We define powers of U by induction as follows:
(1) Fork=1: U =U.
(2) For 1 <k <w: VAC [s]F, AcU" «—
{(V()7 ey Vk,2> S [Ii]k_l |

{V}C,1 (S ‘ <1/0,...,uk,2,uk,1> S A} S U} S Uk-1.
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Note that we identify x with [«]! in this definition. Recall that U* is a k-complete

ultrafilter on [k]*.

The following is straightforward.

Proposition 2.17. Assume T C [5]<% and T¢ C [k]|<% are U-trees for each & < (,
where ( < k. Then

(1) Vk < w Levg(T) € UKL
(2) Vk <w Y(vo,...,vp—1) €T Ty, 04y 05 a U-tree.
(3) Vk<w (Ac UM = T | AisaU-tree).
(4) Ne<e T¢ is a U-tree.
3. Pg-FORCING

In this section we give a detailed presentation of the Prikry on extender forcing
notion. We assume the existence of an elementary embedding j:V — M D> M*
such that j(k) D g(j) and crit(j) = k. We assume the GCH. Let F be the extender
derived from j. Recall dom FE = j(k) \ k.

Definition 3.1. Assume d C dom E and |d| < k. Then
mc(d) = min{a € dom F | V3 € d a > 3}.
Note that there is h: x — & such that j(h)(me(d)) = j”d.
Definition 3.2. We define the forcing notion P}, as follows.
w={f:d—[k]*¥|dCdomE, |d <&k, k€d, me(d) € d}.

The partial order <* on P}, is defined by: f <* g <= f D g. (Note that P}, is
the Cohen forcing for adding |j(k)| subsets to k*.)

Definition 3.3. Assume f € P}. Then mc(f) = mc(dom f).
The Prikry on extender forcing is defined as follows.

Definition 3.4. A condition p in Pg is of the form (f, F) where
(1) f€Pp.
(2) F:T — [dom f]<" is such that for each k < w
(a) T is an E(mc(f))-tree.

(b) V(vo,...,vp-1) €T j(F(l/o,u.,kal))(mc(f)) = j" dom f.

(C) v<I/07 sy V-1, V> eT ke F(uo,...,uk,ﬁ(y)'

(d) Y{vo,...,v5_1,V) €T (|F<l,0 ,,,,, l,k71>(u)| < Wmc(f),n(V))-

(e) Y{vo,...,vk—1,vk) €T (F(VO, coyVk—1) C F(vo, ..y Vk—1, Vk)).
(f) VB8 e dom f Y{(vg,...,vg) €T

f(ﬂ)/\<7rmc(f)aﬁ(yl) | ) S k7 ﬂ € F(VOa .. '7Vi)> S [K’}<w'
(Recall that [x]<“ is the set of finite increasing sequences in k).
We write supp p, mc(p), f?, FP, and dom p, for dom f, me(f), f, F, and T, respec-
tively.

Proposition 3.5. Assume (f, F) satisfy (1), (2a), and (2b) of definition 3.4, then
there is a function F* such that F' [ dom F* = F* and (f, F*) € Pg.
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Proof. We fix demands (2c), (2d) and (2f) as follows. We note that for each n < w

and (vg,...,Vp—1) € dom F,

J(Fiwoeeon—1y) (me(f)) = j” dom f,
j(k) € j" dom f,

|7 dom f| < k,
and

VB € j" dom f (maxj(f)(8) < j(7)(me(s)),6(me(f)))-
Lo$ theorem yields that for each n < w and (vg,...,v,—1) € dom F,

{Vn—l <V <K | K€ F<VU7..47V7L71>(V)7 ‘F<l/074..,l/n71>)(1/)| S ’/Tmc(f),n(’/)7
VB € Frug,...n1) (V) (max f(B) < Wnlc(f),g(l/))} € E(mc(f)).

So we shrink dom F to these sets, working up dom F' level by level. Thus we get
for each n < w and (vg,...,vp—1,v) € dom F,

K€ F(Vov---wnﬂ))(y)a
|F<V0 ----- Vn—1>)(”)‘ < 7Tmc(f),n(”)7

and

V/B € F{uo ..... un_1>(y) (maxf(ﬂ) < Wmc(f)ﬂ(y))'

Demand (2e) is fixed by taking unions along branches. That is for each n < w, and
(vo,. .., vy) € dom F we set

F*(vo,...,vn) = U F(vo,...,vg).
k<n
Thus (f, F*) € Pg. (Il
Definition 3.6. Let p, g € Pr. We say that p is a Prikry extension of ¢ (p <* ¢) if

(1) suppp 2 suppq.

(2) fP | suppgq = fe.

(3) domp C T one(p),me(q) (dom q).
(4)

4) Yk > 0Y(vy,...,vk—1,V) € domp V3 € (T_l(p)ymc(q)(Fq))(l/O, ey VE—1,V)

mc

Tmc(p),B (V) = Tmc(q),8 (Trmc(p),mc(q) (V))
(5) VkE > 0Y{(vp,...,v;) € domp

FP(vg,...,v5) 2 (ﬂ;i(p)ymc(q) (F))(vo,- -, VL),
and
FP(vg,...,vk)\ (w;li(p)mc(q)(F’l))(yo, ..., v;) Csuppp \ suppg.
Definition 3.7. Let ¢ € Pr and (v) € domgq. We define q(,y € Pg to be p where
(1) suppp = suppg.
(2) VB € suppp fP(B) = {

(3) Fr = F{,.

fUB) ™ (Tme(q),6(v)) if B € Fi(v).
f1(B) it § ¢ Fi(v).



PRIKRY ON EXTENDERS, REVISITED 7

For k > 0 we define q(,,,.....,,) recursively, setting qu,,...v.) = (Qvo,....0_1)) (1) -

Definition 3.8. Let p,q € Pr. We say that p is a 1-point extension of ¢ (p <! q)
if there is (v) € dom ¢ such that p <* q(,.

Definition 3.9. Let p,q € Pp and n < w. We say that p is an n-point extension
of ¢ (p <™ q) if there are p",...,p° such that

p=p" <t <=

Definition 3.10. Let p,q € Pg. We say that p is an extension of ¢ (p < ¢) if there
is an n < w such that p <" q.

Thus we have the forcing notions Pr = (Pg, <) and P%, = (P}, <*).
The following is immediate from the definition of the forcing notion.

Claim 3.11. Let p,q € Pg be such that p < q. Then there are k < w and
(10, ..., Vk—1) € domgq such that p <* qu,,...0x_1)-

Definition 3.12. Let G be Pg-generic. Then
Va € domE G* = U{fp(a) |p€ G, acsuppp}.
We write G for the Pg-name of G*.

Given a condition (f, F) and g <* f, the pair (g,w;i(g)_mc(f)(F» might not
be a condition, and if it was it might not satisfy (f, ﬂ;i(g) mc(f)(F)> <* (f,F).
(The transitivity Tme(g),8 = Tme(f),8 © Tme(g),me(f) May be violated on some v’s
and (’s). The following lemma shows that by removing a measure zero set from

-1 s cpes
dom ﬂ-mc(g),mc(f)(F)’ we get a condition and the transitivity.

Claim 3.13. Assume p € Pg and f € P}, are such that f <* fP. Then there is
q <* p such that f4 = f.

Proof. Let h:xk — P(x) be such that j(h)(mc(f)) = j” dom f. We define a func-

tion F’ with domain W;i( £).me(p) (domp) as follows. For each n < w and each

Vo, .+ yVn—1) € dom F’

F/(V07 ceey Vn—l) = (W;i(f)mlc(p)(Fp))(Vm LR Vn—l) U h(yn—l)'

The pair (f, F’) might not be a condition since demands (2d), (2e), and (2f), in
definition 3.4 might be violated. We construct F” from F” using 3.5, thus getting
(f,F") € Pg. The obstacle to (f, F") <* p is the transitivity demand (4) of
definition 3.6. We shrink dom F” as follows to ensure it. We observe that for each
B € suppp,

j(ﬂ-mc(f),ﬁ)(mc(f)) = 57
F(Tme(),8) U (Fme( ), me(p)) (me(f))) = B.

So in M we have
VB € 3" suppp (7) j(me(s)),s(Mc(f)) = (7)j(me(p)),8(F (Tme(f),me(p)) (me(£))),
and for each n < w, and (v, ...,V,—1) € dom FP,

J(F, 1) (me(p)) = 5" suppp.
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Applying Los theorem to the last two equations yields that for each n < w and
Vo, -+ yVn—1) € dom F"|
Algm_y =1V <K|VB € (W;i(f),mc(p)(Fp))@o,..,,un_l)(V)
Tine(£),6(V) = Tme(p),8(Tme(f)me(p) ()} € E(me(f)).
So, let F' be F” shrunken to these sets, namely
Levo(dom F) = Levg(dom F") N Ay,

and
Yn < w Y(vo,...,Vn) € dom F Sucdom r (Mo, -+ yVn) =
SuCdom F (1/07 ey Vn) N A(vo,...,vn)~
Thus transitivity has been restored and we have (f, F') <* p. (I

Corollary 3.14. Let g € Pg and o € dom E. Then there is p <* q with o € supp p.

From the above propositions we see that for all & € dom E, G is not empty. In

fact using density arguments we get:
Proposition 3.15. Let G be Pg-generic. Then in V[G]:

(1) ot G* = w.

(2) G* is unbounded in k.

(3) a#p = G #GP.
Lemma 3.16. Assume ( < k, V& < ¢ p¢ € P, and V&1, & < ¢ supp pst = supp ps2.
Then

13 &1 &2
{(vo, o) € (VTP [ n<w, V&1,6 < FP (vo, .. ovn) = FP 7 (vo, ... vm)}
§<¢

is an E(c)-tree, where a is the common value of mc(p®).
Proof. The claim follows by Lo$ theorem from the fact that for each n < w and

¢
(Vo s¥n—1) € Nece TP,

. 3 .
Ve, & < CH(FE, ) (me(pt)) = " supppt =
&2

" suppp® = j(F), ", )(me(p®)),
and the existence of a € dom E such that V¢ < ¢ me(p®) = a. O

Proposition 3.17. Py satisfies the k71 -cc.

Proof. Assume X C Pg and |X| = ™. Since for each p € X we have |supp p| <
K, we can assume that {suppp | p € X} forms a A-system. That is, there is
d € [dom E]=* such that Vp,q € X suppp Nsuppq = d. Since |d| < x we have
{f | f:d— [5]<“}| < KT, so we can assume that Vp,qg € X fP | d = f7]d.

Let us fix two conditions p,q € X. Let f = fP U f?. Then f:supppUsuppq —
[K]<“. By 3.13 there are r! <* p and 72 <* ¢ such that f~ = f* = f. By 3.16
there is an E(mc(f))-tree T such that F™" | T = F™" | T. We set F = F" | T.
Then (f, F) <* r,r? thus (f, F) <* p,q. O

Up to this point we know that in a Pp-generic extension we have
(1) cfrk=w.
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(2) 27 = j(x)l.

(3) Cardinals above k™ are preserved.

In order to see that no damage happens below x we use the Prikry ordering.
Proposition 3.18. (Pg, <*) is k-closed.

Proof. Assume ¢ < x and (p¢ | € < ¢) C P are such that V& < & < ¢ p& <* pfe.
By the definition of <* we have

VE < & < ¢ P [suppptt = 77,

hence f = U{f”5 | €< CFiUeee supp p¢ — [r]<%. For each ¢ < ¢, by 3.13, there is
r& <* p¢ such that frE = f. By 3.16 there is T, an E(f)-tree, such that V&;,&s < ¢

F& | T =F& | T. Weset F= Fr’ I T (that is, the common value of F¢& | T.)
Then V¢ < ¢ (f, F) <* r¢, thus V& < ¢ (f, F) <* pS. O

We show that forcing with (Pg, <*) is the same as forcing with the Cohen forcing
for adding |j(k)| subsets to k.

Lemma 3.19. Assume G* is (Pg, <*)-generic and p € G*. If ¢ € Pg is such that
f9= fP then q € G*.

Proof. Assume p,q € Pg are such that f? = f?. Pick any r <* ¢. Since f" <* fP,

by 3.13 there is s <* p such that f* = f". By 3.16 there is T, an E(mc(f*))-tree,

such that F'* | T = F" [ T. Then (f*, F* [ T) <* r;s, thus (f*, F* [ T) <* p,q
That is, the order <* does not separate p from q. O

Corollary 3.20. Forcing with (Pg,<*) is the same as forcing with P%,.

The following lemma implies that a k*-closed forcing is x™-proper (see definition
3.28).

Lemma 3.21. Let x be large enough so that P(P(P%)) € Hy. Let N < H,, f € P},
be such that f € N, |N| =k, and N D N<%. Then there is f* <* f such for each
D € N a dense open subset of Py, there is g >* f* such that g € DN N.

Proof. Let (D¢ | £ < k) be an enumeration of all dense open subsets of P}, appearing
in N. Since P}, is kT-closed, and for each ( < k, (D¢ | £ < ) € N, it is possible
to construct a <*-decreasing sequence (f¢ | £ < k) so that fO <* f, and for each
£ <K, f$ € D¢ N N. The lemma is proved by taking f* = f*~. O

The following definition is used only in the lemma following it. It defines a
‘1-point’ extension of a condition in P},.

Definition 3.22. Assume f € P}, a C dom E, § > mc(a), and v < k. We define
fu.s.a) € P4 to be the function g defined as follows:
(v,8,a) E
(1) domg = dom f.
) g(a) = fla) ™ (m3,0(v)) a€andomf, m3,(r) > max f(a).
f(a) Otherwise.

For k > 0 we define f(, 8y.a0)....,(vk,Be.a;) TECUrsively, setting

f@oﬁoﬂo)7~~»7<Vkﬂk,ak) = (f<V07ﬁo7ao> ----- <Vk—1vﬁk—17ak—1>)<Vkvﬁk»ak>'
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Lemma 3.23. Assume p € Pg, n < w, and for each (vy,...,vn_1) € domp, the
set D(vo,...,vn_1) 45 a dense open subset of (Pp, <*) below py,. . .. ,y. Then
there is p* <* p such that for each (ug, ..., pn—1) € domp*

pzkuo,...,un,ﬁ € D(ﬂ-mc(p*),mc(p) (u0)7 -+« Tmc(p*),mc(p) (/JJTL—l))

Proof. Assume p € Pg, n < w, and for each (vg,...,V,—1) € domp, the set
D(vo,...,vn—1) is a dense open subset of (Pg,<*) below p(y . . -

Let x be large enough so that P(P(Pg)) € H,. Let N < H, be such that
p,Pr € N, {D(vo,...,Vn-1) | (V0y.-.,Vn—1) € domp} € N, |[N| = K, and N D
N<F. Construct f* <* fP by applying 3.21 to N. By 3.13 there is p* <* p such
that f?° = f*. For each (jo,...,pn_1) € dom FP" we set

D*(jos - pin—1) = {f <* fP | dom f D F? (g, ..., pn_1) NN,
3H (f{p10.me(p*), 72" (50)N) (-1 me(p*) FP* (s —)N) 1) €
D(ﬂ—mc(p*),mc(p) (/’LO)a <o+ Tmc(p*),me(p) (Mnfl))}
(Note that D*(ug,...,n-1) € N.) We show that for each (ug,...,un—1) €
dom FP", the set D*(pg, ..., fn_1) is dense open below fP. So, let us fix some
(0, - - -, fn—1) € dom FP" | and pick g <* fP.
First we enlarge g so as to ensure dom g O F? (pg, ..., ftn—1) N N. By definition,

*
9(p0,me(*), FP* (110) N ,..or(in— 1,me(p* ), FP* (f10, s —1)ON) =

fl =
(po,mc(p*),FP* (,u,o)),...,(;tn,1,Inc(p*),FP* (F‘Ovua/infl»

Hence, by 3.13, there is ¢ <* p, such that

Tme(p*),me(p) (H0) - Tme(p*),me(p) (Bn—1))
T = 90,me(e*), Fo* (o)ONY (- 1,me(0*), 2" (0,0t —1) N -
Thus there is ¢* S**q such that ¢* € D(Tyme(p),me(p) (0)s - - - » Tme(p* ), me(p) (Bn—1))-
We set g* = gU (f? [ (suppg” \ suppg)). Then
g <"y,

and

* — f9q
9o, me(p*), FP* (110) AN Yooy (B —1,mC(p* ), FP* (140 voptin—1 )AN) f

Hence g* € D*(uo, - - -, fitn—1), by which density was proved.

Since fP" was constructed by 3.21, we have that for each (ug,..., fn_1) €
dom FP", there is ¢ >* f? such that g € D*(uo,...,pn—1) N N. Thus for each
(10y -+ s Pn—1) € dom F?" there are gHo-Hn-1 ¢ N and H(uo, ..., tn—1) € N such
that gho-kn—1 >* fP" and

(G om0 ) F2* (10)ONY v (-1 0C(0*) T (e )NY? L (HO5 o5 fin=1)) €
D(Tme(p),me(p) (10); - - - Tane(p*),me(p) (Hn—1)) N N.
We note that since g#o#»-1 € N we have

MOy s n—1

90, me(p*), FP* (120)NNY oy (- 1,m(p* ), FP™ (0 vshim—1)NN)
MOy b —1
9 {ome(p*),FP* (110)) seees (Hn—1,mC(p* ) FP* (j10,eosbini—1))
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thus
MOy s n—1
9 a0 ™), 7" (1)) 1 (0, P (i) T (1025 fin=1)) €
D(Trmc(p*),mc(p) (/1'0)’ ce 77rmc(p*),mc(p) (Mn—l)) NN.

We shrink dom p* in order to get that for each (o, ..., pn_1) € dom FP’
p* p* *
<f(uo,m6(p*)7F”*(#o)>7---7<un_1,mC(p*)>FP*(uo7-~~7ﬂn—1)>’F(uop~»7#n—1)> =

MOy s Hn—1
(G aootnc () FP* (10)) oo (i1 0™ ) FP* (o —1))? L CHO> <5 Hn=1))-

By the openness of D(Tme(p+),me(p) (10); - - - » Tme(p*),me(p) (Bn—1)) and the fact

PP

*
<l"07~-7l‘n—1>>7

_ /¢p"
Plpo,sin-1) { (po,me(p* ), FP* (110)) 5, (pn—1,mc(p*), FP™ (10, spbn—1))’

we get that for each (pg, ..., ftn_1) € dom F?"

*

Plug,..ostin—1) € D(ﬂ-mc(p*),mc(p)(,uO)v -+« Tmc(p*),mc(p) (p’n—l))'

O
Lemma 3.24. Let D C Pg be dense open, p € Pp and n < w. Then there is
p* <* p such that either

V(vo,...,Vn—1) € domp® p; eD

V0, Vn—1)

or
Y{vg,...,Vn—1) € domp* Vg <* p?l’07~~71’n—1> q¢ D.

Proof. Assume D is a dense open subset of Pg, p € P and n < w.
For each (vg,...,vy—1) € domp set

DG(VOa"'vyn—l) :{q S* p<1/0,.‘.71/n71> | qED}v
DJ_(V07 L) Vn—l) = {T S* Pvo,..svn_1) | VQ € DG(VOa ey Vn—l) rl” Q}a
D(l/()7 ey Vn—l) = 1)e (I/o, ey Vn—l) @] DL(Vo, ey Vn—1)~

The openness of D guarantees the <*-openness of D€(vy,...,v,—1), and by its

definition, Dt (v, ...,v,_1) is <*-open. Hence D(vy, ..., v, 1), as a union of two

open sets, is open, and in fact it is also <*-dense below p,,
By 3.23, there is p* <* p such that

7-"7Vn71> :

Y{o, -, fin—1) € domp*
Pluorpin) € D(Tme(pr)me(p) (H0); - - > Tme(p+) me(p) (Hn—1))-
In order not to carry the projections myc(p+),me(p) all over the proof, we define
E(10, - - -5 ftn—1) = D(Tme(p*),me(p) (10)5 - - - > Tine(p),me(p) (n—1)),
ES (110, -+ tn—1) = D (Tume(p+),me(p) (H0): - - - s Tme(p*),me(p) (Hn—1)),

and

E* (/1'07 s 7Mn—1) =D+ (ﬂ-mc(p*),mc(p) (MO); -+ Tme(p*),mc(p) (un—l))'
Since each of the E(uo, ..., tn—1) is the disjoint union of E€(ug,...,u,—1), and
E*(po, ..., ftn_1), we can shrink dom p* so as to get either

Y(vo, ..., Vp—1) € domp™ pj,, € E€(vo,...yVn_1)

----- l’n—1>
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or
V(vo, ..., Vn—1) €domp® pi, .y € Et(vo, ... vn_1).

Looking at the definition of E+ and E€ (and implicitly the definitions of D+ and

DF€), we see that we have either

V(vo,...,vn-1) € domp"* p; eD

V07"~;Vn71>

or

V(v ..., vp-1) €domp” Vg <" pp, v q¢D.
O
Theorem 3.25. Let D C Pg be dense open and p € Pg. Then there are p* <* p
and n < w such that V{vy,...,Vp_1) € dom p* pz‘ eD.

VO, sVn—1)

Proof. Assume D is a dense open subset of Pg and p € Pg. For each n < w we set

D} = {p" <" p| (Hvo,- . vaa) € domp® pj,,
(V(v0.-. .. var) € domp® Vg <* pi,

)GD)OI‘

vno1) 4 ¢ D)}
By 3.24, D7 is a dense open subset of (Pg, <*) below p. Since (Pg, <*) is k-closed,
the set D* =, ,, D;, is a dense open subset of (P, <*) below p. We pick p* € D*.
Then for each n < w, either

.....

V(vo,...,vn-1) € domp"* p; y €D,

Y0,y Vn—1

or

V(vo,...,Vn-1) € domp” Vg <" pi, .,y q¢D.
Towards a contradiction, let us assume that for each n < w
V(v ... ,vp—1) € domp” Vg <" pp, v q¢D.

This is just a cumbersome way to write Vg < p ¢ ¢ D, contradicting the density of
D. Thus, there is n < w such that

Y{vg,...,Vp—1) € domp* p’{yo

|

Claim 3.26. Let o be a statement in the Pg-forcing language and p € Pg. Then
there is p* <* p such that p* || o.

Proof. Let D = {q € Pg | ¢ || 0}. Then D is a dense open subset of Pg. By 3.25
there are p* < p and k < w such that

V{vo,...,ve) € domp™ pi, .y €D.
That is

V(vo,...,vx) € domp* p’f,’,o y o

seesVE

Let
Ay = {{v,...,v) € domp™ | p?{,ﬂywyw kol

*/
(V0.

Ay = {(vo,...,vg) € domp™ | p oy IF =0}
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Obviously, A; N Ay = 0. Let i € {1,2} be so that A; € E*(mc(p*')). Let p* =
(fP" FP" | A;). Since {Ple. 1y | (0, 1) € domp™} is a maximal anti-chain
below p*, we get p* || o. O

So now we know also that in a Pg-generic extension:
(1) There are no new bounded subsets of «.
(2) (Hence) No cardinal below & is collapsed.
(3) (Hence)  is not collapsed.
One more cardinal is preserved, k. We will prove the x-properness of Pg in order
to show this.
The notions (N, P)-generic and properness, as defined in [11], were used for
countable elementary submodels of H,. We need these notions for submodels of
size k.

Definition 3.27. Let x be large enough so that P(P(P)) € H,, where P is some
forcing notion. Let N < H, be such that [N| =k, N D N<" and P € N. Then a
condition p € P is called (N, P)-generic if

pl-"VD € N Dis dense openin P = DNGNN #0,
where G is the name of a P-generic filter.

Definition 3.28. Let x be large enough so that P(P(P)) € H,, where P is some
forcing notion. The forcing notion P is called x*-proper if for each N < H, and
each ¢ € PN N such that |[N| =k, N O N<" and P € N, there is p < ¢ which is
(N, P)-generic.

Claim 3.29. Let x be large enough so that P(P(Pg)) € H,. Assume p € Pg and
N < H, is such that |[N| = k, N O N<* and p,Pr € N. Then there is p* <* p
such that p* is (N,Pg)-generic.

Proof. Assume p € Py and N < H, is such that |[N| =x, N O N<* and p,Pg € N.

Construct f <* fP applying 3.21 to N. By 3.13, there is p* <* p such that
f?" = f. We show that p* is (N, Pg)-generic. So let D € N be a dense open subset
of Pr and ¢ < p*.

Then there are n < w and (v, ...,¥,—1) € domp such that ¢ <* pu, .0, )
We set
D* = {fPU(f" [ (suppr \suppp)) | 7 <" Divg,ovn_1)>
3l <w Y(po, .., pu—1) € domr vy oy € D}

We note that D* is <*-dense open below fP. Since D € N, we have D* € N. By
the way we chose f we see that there is g >* f such that g € D* N N. Hence there
are r € N and | < w such that v <* py, .y, fPU(S7 | (suppr \ suppp)) =g
and

Y{po, - -, pi—1) € domr vy oy € DNN.

In fact ¢ ||* r. That is there is ¢* <* ¢ (a shrinkage of dom ¢ is enough, actually)
such that ¢* <* r. Since for each (ug,...,m—1) € domg*

* r l
Do, ..ospr—1) I T (Tame(a®y,me(r) (HO)seesTme(a ) me(ry (Hi—1)) € G,

we get ¢* Fp, DNANNG #0". O
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Corollary 3.30. Pg is kT -proper.
Corollary 3.31. In a Pg-generic extension, k+ is preserved.
All in all we get the Gitik-Magidor theorem for any extender:
Theorem 3.32. Assume j:V — M D M", crit(j) = k and g(j) C j(k). Let E be
the extender derived from j and let G be Pg-generic. Then in V[G]:

(1) All the cardinals are preserved.
cfk = w.

(2)
(3) 27 = [5(x)|.
(4)

No new bounded subsets are added to k.

4. APPLICATION TO pcf THEORY.

The assumptions we use in this section are: The GCH and the existence of an
elementary embedding j:V — M D M" such that crit(j) = &, g(j) C j(k) and E
is the extender derived from j. Throughout this section D will be the cofinite filter
over w.

The forcing Pg is the one defined in the previous section and we let G be a
Pg-generic filter over V. The basic observation used throughout this section is that
tcfyiq [ G7/D can be computed from tefy [],, .., jn(7)/D.

Lemma 4.1. If 7 € dom F and p € Pg, then there is p* <* p such that
Y1 < G () mepr ), tmeo)) i ) 3 (GT)(S (1) 4 1) = (7).

Proof. Assume 7 € domF and p € Pg. By 3.14 there is p* <* p such that
7 € supp p*. We shrink dom p* so that V(v) € domp* 7 € FP (v). Hence, from the
definition of Pg, we get

Vn < w Y{vg,...,v,) € domp*
Plvgreny Fp "GP (T)] 4 1) = Tme(pe) (vn)
Los theorem yields
P < W Juo (D) mc(p) i (meto))) Wi @) G (G (7)] 4 1) = (7).
O

We would have liked to have p < 7 = G*/D < G"/D. However, the Cohen
initial-segments of G?, G7 ruin this. We can get a good approximation to this
monotonicity using shifts of G, hence the following definition. By Z we mean the
set of integers {0,1,—1,2,—-2,...}.

Definition 4.2. (In V[G]) Assume 7 € dom E and k € Z. Then G™F:w — & is

G(n—k) k<n<w
T,k _ ’
G (n) {0 0<n<k.

As usual, QT’k will be the Pg-name of this function.

Lemma 4.3. (In V[G]) V7 € dom E Vky, ko € Z cf[[G™* /D = cf [[G™*2/D.
Proof. This is a basic pcf fact. O
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Lemma 4.4. (In V[G]) If 7 € domE, ki, ks € Z and ki < ko, then G7F /D >
G™*2/D.

Proof. This is immediate since G” is a strictly increasing sequence. (I

Lemma 4.5. If p € Pg, p,7 € dom E and p < 7, then there is p* <* p such that
p* \FPE rC~;vf7/D < GT"fp (p)—f? (T)\/D < Gp’,l/D—,‘

Proof. Assume p,7 € domFE, p < 7 and p € Pg. By 3.14 and 4.1 there is p* <* p
such that p, 7 € suppp* and

YR < W Ju (D7) tme(or), .o (meo)) Fio@s)  Ju(GP)FP (0)] + 1) = ju(p) ',
Y < W Ju(P*) (me(p )i (me ) i r)  Ju(GT(FP (D) + 1) = ju(7) .

We shrink dom p* in order to have V(v) € domp* pT € FP (v ) (In fact the
condition generated by 4.1 satisfies this). We set k = |f?"(p)| — | f*" (7)|. Thus

Y1 < W (B me(p), v dnss (mer ) i) J(GOST (0)] + 1) =
Jn(p) < dn(7) = Ju (G P (7)| +n) =
GG (P +n = (7 () = 7 (D)) =
Ju (GRS (p) + 1),
and
V1 < W G (0) tme(p*),imss (mepe)) B Ju( GRS (p)] + 1) =
GG (P +n = (7 () = 7 (D)) =
Jo(GF (D) + 1) = () < dnsa(p) =
Ju (GO (P) + n+1) = ju(G (7 (o) + 1) .
Lo§ theorem and shrinking dom p* a bit yields ¥n < w ¥{vp, . .., vns1) € dom p*
Pl iy Fes "GP (I (0)] + 1) =Tmc(pe) (V) <

Tae(pe)r (W) = GTF( 7" (p)| +n)”

pz‘l/o,..‘7u7z+l> IFp g rGﬂk(‘fp* (P)| + n) :Wmc(P*),T(Vn) <
Tme(p),p(Vnt1) = G717 (p)| + 1) .

Which means p* IFp, "G?/D < G™*/D < G"~'/D". 0

Definition 4.6. (In V[G]) For each 7 € dom E we set G™* = G™* where k € Z is
chosen so that G*/D < G™ /D < G*~!. For each 7 € dom E, G™* is the Pg-name

of G™*.

An immediate corollary of this definition and 4.1 is
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Corollary 4.7. Assume p € Pg and 7 € dom E. Then there is p* <* p such that
for each n < w

S

G (") inc() i (me@))) P @) T (GNP (R)] + ) = G (7).
Corollary 4.8. (In V[G]) (G™*/D | 7 € dom E) is a strictly increasing sequence
in [[G*~'/D.

Proof. Let p € Pg, p,7 € dom E and p < 7. By 4.7 there is p* <* p such that for
each n < w

) (anc(p) i (me(p))) P @) T (GP)(FP(8)] + 1) = ju(p)
)me(p™)nin (me)) Fiu@s) Jw(GT)FP(8)] +n) = ju(r),

*

Jw (p
and

S

s (P") (09 oo (e (@) jmss (me@)) Fio @) J(GF D (SP(R)] + 1) = fnga (k)

Since p < 7 < j(k) we have Vn < w jn(p) < jn(7) < jn+1(k), hence for each n < w

Jo(P*) (me(p*), i (me(p*)) in 1 (me(p))) F i (Pr)
Ju (GNP (R)] 4 1) < ju(GT)(FP(R)] 4+ n) < ju(G= (I fP(K)| +n) "
Los$ theorem and shrinking p* a bit yields

Vn <w Y(vo,...Vn,Vnt1) € domp® pl, o

Fep G (If7(R)| +n) < GT(|f7(R)| +n) < G=7H(|fP(8)] +n) .
Hence p* Fp, "GP*/D < G™ /D < G=~'". 0

Lemma 4.9. If 7 € domE and p Fp, " f € [[G™", then there are p* <* p and
(an | n<w) €]],cp dn(T) such that

Y1 < @ G () tme(pe)oongn(me@))) Wi @n)  Jo (P ()] +n) = an .
Proof. Let 7 € dom F and p lFp, " f € [[G™". By 4.7 there is ¢ <* p such that

A

(1) Vn < w jul@)me(a)...inme(@) Fiw@r) du(GT)(P(R)] +n) = jalr) .

We construct by induction a <*-decreasing sequence (r" | n < w) and (o, | n <
w) € [[,co dn(7) as follows:
e n=0:r"=gq. .
en=m+1: Let D, = {r € Pp | 3¢ < w7 lp, "f(If7 (k)] +m) = ¢}
By 3.25 there are v+ <* ™ k and f:domr™*! N [k]¥1 — k such that
m < k <w and

Yvo, . vw) € domr™ it i, TR ()] 4+ m) = f(vo, i)
By Lo$ theorem
(2) jUJ(rm+1)<mc(’l‘m+1)7'~~;jk(mC(T7n+1))> ‘Fjw(PE)
(DU (8)] +m) =
Jo(F)(me(r™ ), i (me(r™ )
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From (1) we infer

o (r™ ) tme(rm+1).... g (mem+1))) 1FjoBr)
"jo(f)(me(r™ ), L G (me(rm ) =

o (D)7 (8 +m) < Ju (G (K)] +m) = jm(7) .
This means

Jo(F)me(r™ ), g (me(r™ 1)) < (7).

We set ay, = jo(f)(me(r™t) .. jp(me(r™F1))).  Since ay < fm(7),
there is g :dom r™+1 N [k]™+! — k such that

m = Juo(9)(me(r™F), g (me(r™ ).

So in (2) we can substitute g for f and m for k and get

o (™) (me(rmt 1), (et ) i@y Ju(FFP ()] +m) = am
Using 3.18 we find p* € Pg such that Vn < w p* < r™. O

Lemma 4.10. Assume 7 € domFE, cf17 > w, cf7 # Kk and (o, | n < w) €
[I.co Jn(T). Then there is p < T such that (o, | n < w) < (jn(p) [N < w).

Proof. We split the proof according to the relation between cf 7 and k:

e cf 7 > k: We note that for each n < w there are f,:[k]" — 7 and 3, €
dom E such that j,(fn)(Bn,---,Jn-1(0n)) = . Since cf T > k, there is
p < 7 such that Vn < w Y(vg,...,Vn_1) € [K]" p > fa(vo,...,Vn—1). Hence
Vn < w jn(p) > an.

o cf 7 < ki Let A= (7¢ | { <cfr) be cofinal in 7. So for each n < w we get
jn(A) is cofinal in j, (7). Since cf 7 < k we have that j,(A) = j/A. This
means that for each n < w there is &, < cf 7 such that o, < j,(7¢,) < jn (7).
Since cf 7 > w there is £ < cf 7 such that for each n < w, € > &,. Let
p = T¢. Then for each n < w, p > 7¢, and j,(p) > jn(7e,) > @,. Hence
(an [ n<w) < {nlp) [ 7 <w).

O

Corollary 4.11. If 7 € dom E, cf 7 > w and cf 7 # k, then IFp, " tcf [[GT*/D =
ef 1.

Proof. Let 7 € domE, cf7 > w and c¢f7 # k. By 4.8, (G"*/D |k < p < T)isa
strictly increasing sequence below G™ /D. We will get the conclusion of the lemma
if we prove

ke, fe[[¢™ = <7 f/D<G”/D".

So, let plFp, "f e [JG™.

By 4.9, there are p* <* p and (@, | n < w) € [], ., Jn(7) such that for each
n<w

G (D7) (me(o )i (meoe )y Wi @r)  Jo(F)(F (8) + 1) = o
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and

G (D) (e )serjm (mee ) Fio @) (G (R)] + 1) = (7).

By 4.10, there is p < 7 such that (a, | n < w) < (Ju(p) | n < w). By 4.7 there is
p** <* p* such that for each n < w

G 0™ tmep) i (et Wi ®e) Jo( @77 ()] +1) = julp) .
Lo$ theorem and shrinking dom p** yields p** IFp,, I_f./D <G”/D". O
Lemma 4.12. Assume 7 € domE, cf7 = &, and (a, | n < w) € [], ., dn(7).
Then there is p < j(T) such that {ap11 | n < w) < {Ju(p) | n < w).

Proof. Assume 7 € dom E, cf 7 = k and (v, | n <w) € [], ., jn(7). Then for each
0 < n < w there are f,:[k|™ — 7 and (3, € dom F such that

.]n(fn)(ﬁna s ajn—l(ﬁn)) =op < jn(T)a

where V{(vg,...,vn_2) € [K]"71 §(fn) 05> Vn_2,Bn) < j(7). Since cfarj(r) =
j(k) >k and M D M*", there is p < j(7) such that

YO <n <wY(vg, ... vn_2) € [K]" 7 ()Mo, Vn_2,Bn) < p.

Hence VO < n < w ayn = Gu(fa)Bny- -y dn-1Bn)) < jn-1(p) < jn(r). That is
(any1 | n <w) < (Julp) [n <w). O

Corollary 4.13. If 7 € dom E and cf 7 = &, then Irp, " tcf [[G™*/D = cf j(k) .
Proof. Assume 7 € dom E and cf 7 = k. For each p < j(7) there are 7, € dom F/
and h,:x — 7 such that p = j(h,)(7,). In the generic extension we set h, =
hyGTe*t. We note that (h,/D | p < j(7)) is an increasing sequence in []G™,
and that cfyq (1) = cfyqi(k) since cfr(§(7)) = j(k) > k, M D M" and Pg
preserves cardinals above k. Thus we will get the conclusion of the lemma if we
prove lkp, " f € [IG™ = Jp<j(r) f/D <h,/D". Solet pltp, "fe[[G™".
By 4.9, there are p* <* p and (v, | n < w) € [],, ., Jn(7) such that
¥ <@ o (07 me( ), melor ) ) G () ()] + ) = o

and
Y < W Juo(P*) (me( )i (me ) Wi r) I (GT)SP (K] + ) = jn(r) .

By 4.12, there is p < j(7) such that (a1 | 7 < w) < (Gu(p) | n < w). By 4.7 there
is p™* <* p* such that

V1 < W G (D™ me(p =) . (me(pe))) P @) Jw(GT) (P ()] + 1) = jn(7,) "
Hence for each n < w

G (™) me(p* )y (o)) g1 (me(o)) W) Jo (ISP (R) +m41) =
g1 < Jn(p) = Ju(hp) (Gn(7p)) =
Joo

G (hp) G (G ) (7 ()] + 1)) = o () (LF7 ()] + 1+ 1)

Lo$ theorem and shrinking dom p** yields p** IFp, ' f/D < h,/D". O
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For the specific case of [] GT’l /D, reading the above proof shows that we use
just p € dom E, the functions h, are id, and 7, = p. Thus the cofinal sequence of
length j(k) in [[G®~! constructed in the proof is (G** | p < j(k)). Thus

Corollary 4.14. (G™ /D | k < 7 < j(k)) is cofinal in [JG™L.

The following theorem summarizes the facts proved previously for the F is a
superstrong extender case.

Theorem 4.15. Assume GCH, j:V — M D> M", M D Vj,, critj = k and
9(j) C j(k). Let E be the extender derived from j and let G be Pg-generic. Then
VI|G] is a cardinal preserving generic extension in which cf k = w, k¥ = j(k), and
there is a Prikry sequence G* in k and a scale (G /D | X € [k, j(k))) of length
j(k) in [[G*~1/D such that tef [[G** /D = X for each regular cardinal A < j(k).

The only thing we were able to say when cfy 7 = w is cfy g [[G™*/D < 2o

5. GENERIC BY ITERATION
What we would have liked to have is:

Aim. Assume GCH, j:V — M D M*, crit(j) = x and g(j) C j(k). Let E be the
extender derived from j. Then there is G € V which is j,(Pg)-generic over M,,.

Alas, we were not able to achieve this aim. The referee has pointed out that
the aim is not all that reasonable since the forcing P incorporates the forcing Py,
which is essentially Cohen forcing and not like Prikry forcing at all.

In this section we use three approaches to obtain approximations to this aim.
First, in theorem 5.1, we obtain a generic filter for an elementary substructure of
the iterated ultrapower instead of the full iterated ultrapower. Second, in theorem
5.2, we force over V to explicitly add the Cohen component of Pg to obtain a filter
generic over the full iterated ultrapower. Finally, in theorem 5.3, we assume the
existence in V of an extender stronger than E to obtain a filter in V' which is generic
over the full iterated ultrapower.

We begin by showing how to construct a generic filter over an elementary sub-
model in M,,,.

Theorem 5.1. Assume GCH, j:V — M D M", crit(j) = &, and g(j) C j(x). Let
E be the extender derived from j, and K, = j, (k). Let N € M, be such that in M,
we have: j,(Pg) € N, N < H)jcww for a large enough x, |[N| = ko, and N D N<F«,
Then there is G € V which is j,(Pg)-generic over N.

Proof. By 3.29 invoked in M, there is p € j,(Pg) which forces genericity over N.
Let k < w be such that p = jjy. ., (p*) and N = jj. o, (N*). We set for each k < n < w,

P" = Gk (D) (me(b),.oorjpm 1 (me(pry)y a0 N™ = g (NF).
We set for each £k <n < w

G" ={q€jn(Pr)|q>p"}

and then

¢= |J .6

k<n<w
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Since for each k < n < w, p"tt <* Jnnt1(P") (me(pn)), We get that G is a filter. We
show that it intersects each dense open subset of j,(Pg) appearing in N. So let
D € N be a dense open subset of j,(Pg).

Let D™ and n < w be such that k¥ <n < w and j, ,,(D"™) = D. Then p™ forces
genericity over N™. That means (by the proof of 3.29) there are ¢ >* p"™ and [ < w
such that ¢ € N™ and Y(vp,...,v—1) € domgq qy,,....,,_,) € D" N N". Hence

I 1(@) (me(q),vjmmsi—1 (me(q))) € Jnnst (D™ OAN™),

thus

Jr,w (@) (me(@), s n 11 (me(e))) € DON.
Noting that

. * - * l
Tt (@) me(@)somgn it (me@)) =" Tnantt (™) (mepn)ejnm i1 (meery)) 27 P

we get

(@) (me(@)somnsim s 1 (me(a))) € G,
thus

Ir0(@) (me (@), i1 (me(q))) € G-
0

We continue by showing the existence of a generic filter over M,, in a P},-generic
extension of V.

Theorem 5.2. Assume GCH, j:V — M D M*, crit(j) =+ and g(j) C j(k). Let
E be the extender derived from j. Let G* be P4 -generic over V. Then in V[G*]
there is G which is j,(Pg)-generic over M,,.

Proof. Let G* be P§-generic. In V[G*] we set
G = {3 (P) tme@) i (me(p)) - o1 (e | [7 € Gy < wh.

and

G={q€j,(Pg)|3Ipe G q>p}

We show that G is j,(Pg)-generic over M,,. So, Let D, € M, be a dense open
subset of j,(Pg).

Let n < w be minimal such that there are @ € dom F and D :[k]™ — V satisfying
Ju(D) (e, j(a), ..., jn—1(c)) = D,. We set

D* ={f" €Py [ p€Ppr, I <w julP)mep),jme®),jnii_1(me))) € Dol

We prove that D* is a dense open subset of Py,. So, let f € P%,.
Pick p € Pg such that f» <* f and « € supp p. For each (vp,...,v,—1) € domp,
the set

D*(vo, .. s vn—1) ={a <" Piuo,.oov 1) | 3 <w Vg, ..., —1) € domg
Upo,pi—1) € D(WmC(q),a(V0)7 ce 77Tmc(q),a(yn71))}
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is dense open in (Pg, <*) below p,,. ..., ;). Thus by 3.23 there is p* <* p such
that

Y{vg,...,Vp—1) € domp* pz‘ €

V05 sVn—1)
D~ (ﬂ'mc(p*),mc(p) (V()), -+« Tme(p*),me(p) (Vn—1)>-
Thus some shrinkage of dom p* yield that there is | < w such that

B

V<VO’ oo Vn—1, Ho, - - - ’Ml_1> € domp* p(”Oa-wanfl7/"/0)“'7le1> <
D(ﬂ-mc(p*),a(VO)7 e 77Tmc(p*),o¢(l/n—1))'
That is
jw(p*)(mc(p*),...,jnﬂ,l(mc(p*)} € jw(D)(aa s >jn—1(a)) =D,.

Thus f?° € D*, hence the density of D* € V is proved.

So there are f € G* N D*, | < w, and p € Pg such that f? = f and

Jeo (") me(p). 5 (me(p*)) -wojn 11 me(p+)) € Deo-

By the definition of G, we get

Jo (P") (me(p*) ,§ (me (o)), -eesin g1 -1 (me(p))) € G-
0

In the following theorem we assume the existence of an extender on k, but use
only part of the extender as a base for the forcing notion.

Theorem 5.3. Assume GCH, i:V — N D N¢, crit(i) = &, g(i) C i(¢). Assume

k< p < i(k) satisfies u(“Jr) < (. Let F be the extender derived from i and
E =F | p. Then there is G € V which is i,(Pg)-generic over N,.

Proof. Let A, = {A € N,, | A is a maximal anti-chain in i, (Pg)}. For each maxi-
mal anti-chain A C Py we set D(A) = {p € Pg | Ja € A p < a} (thus D(A) is a
dense open subset of Pg). For each n < w we have j, (|20]) < jn ([P|*") < jn(C).
Thus i 1A, € Nyy1. Moreover, for g € ip4+1(Pg) we can invoke 3.25 in Np41

n,n+
for in(u(”+))—many times to get p <* ¢ such that for each A € 2, there is | < w
such that V(vo,...,v—1) € domp puy,.. v 1) € inny1(D(A)).

Using this fact we construct a sequence (p" | n < w) such that p’ € Pg is
arbitrary, p"t1 <* inn+1(P") (me(pr)), and for each A € 2, there is | < w such that

v<V07 EEE) Vl—1> € domp"'H p?;:,l...,ulfﬁ € Zn’n+1(D(A))
For each n < w we set

and then
G=Jin.Gn

n<w
We show G is i, (Pg)-generic over N,. Let A € N, be a maximal anti-chain in
i, (Pg).
We take n < w and A, such that iy, (A4,) = A. Then there is | < w such that
V(vo,...,v_1) € domp™t! p?;gl wy € inn+1(D(Ay)). Hence

it Lt 1 (0" (e 1), it st (me(pr 1)) € nni41(D(An)).
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Since by the construction of (p™ | m < w) we have

we
clo

(1

(8]
(9]

[10]
(11]

P < i1 (0" (e (o) i1 gt (me(pn 1)) 5
get inﬂ,w(p""‘l)(mc(pn+1),m7in+m+l(mc(pn+1))) € GND(A). Since G is upward
sed we get GN A # 0. O
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