SUPERCOMPACT EXTENDER BASED
MAGIDOR-RADIN FORCING

CARMI MERIMOVICH

ABSTRACT. The extender based Magidor-Radin forcing is being
generalized to supercompact type extenders.

1. INTRODUCTION

This Workﬂ continues the project of generalizing the extender based
Prikry forcing [3] to larger and larger cardinals. In [8, 9] the methods
introduced in [3] (which generalized Prikry forcing [11] from using a
measure to using an extender), were used to generalize the Magidor [7]
and Radin [12] forcing notions to use a sequence of extenders. In a dif-
ferent direction [10] used the methods of [3] to define the extender based
Prikry forcing over extenders which have higher directedness proper-
ties than their critical point. Such extenders give rise to supercompact
type embeddings. Generalization of Prikry forcing to fine ultrafilters
yielding supercompact type embeddings appeared in [6]. Extending
this forcing notion to Magidor-Radin type forcing notions were done in
[1] and [5]. In the current paper we use extenders with higher direct-
edness properties to define the extender based Magidor-Radin forcing
notion. All of the forcing notions mentioned above are of course of
Prikry type. For more information on Prikry type forcing notions one
should consult [2].

Before stating the theorem of this paper we need to make some
notions precise. Assume F is an extender. We let jp : V — M ~
Ult(V, E') be the natural embedding of V' into the transitive collpase of
the ultrapower Ult(V, E)). We denote by crit E the critical point of the
embedding jg. We let A(E) be the least A such that M D <*M. We
say the extender E is A(E)-directed.
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A sequence of extenders E = (E¢ | € < o(E)), all with the same
critical point crit B¢ and the same directedness size A\(E), is said be

—

Mitchell increasing if for each £ < o(E) we have (Eg | ' < &) € M ~

Ult(V, E¢). We will denote by crit(£) and A(E) the common values of
crit B¢ and A(Eg), respectively.

If E = (B¢ | € < o(E)) is a Mithcell increasing sequence of extenders
and o € [crit E, jg, (k) then E = (a, E) is said to be an extender
sequence. Hence an extender sequence is an ordered pair with the
first coordinate being an ordinal and the second coordinate being a
Mitchell increasing sequence of extenders. Note that an empty sequence
of extenders is legal in an extender sequence, e.g., («, ()) is an extender
sequence. Let ES be the collection of extender sequences. If E is
an extender sequence then we denote the projections to the first and

. \
second coordinates by E and E, respectively. The ordinals at the first
coordinate of an extender sequence induce an order < on ES by setting
v < [ if v < ji. We lift the functions defined on the Mitchell increasing
sequence o‘f extenders to extlender sequences in the obvious way, i.e.,

o(E) = o(E) and A\(E) = A(E). We will also abuse notation by writing
Eg for the extender E¢. There are two restrictions we have on A(E)
The first one seems a bit technical. We demand A(E)<**F = \(E)
due to limitations we encountered in claim B.12l The second one is

more substantial. We demand A(E) < jg,(crit(Ep)). (It seems this

-

last demand can be removed for the special case o(£) = 1.) With all
these preliminaries at hand we can write the theorem proved in this

paper.

Theorem. Assume the GCH. Let E be a Mitchell increasing sequence
such that A(E) < jg,(crit(E)) and p<E < \(E) for each p < \(E).
Furthermore, assume € < jg, (k). Then there is a forcing notion P(E, €)
such that the following hold in V|G|, where G C IP’(E, €) is generic.
There is a set G* C ES such that G= U {(crit E, E)} is increasing and
Jor each v € G5 U {(crit E, E)} such that o(#) > 0 the following hold:

(1) {critp | i € G, ji < v} C v is a club.

(2) crit v and \(7) are preserved in V|G, and (crit v+ = \(7))VIE],
(3) If o(v) < crit v is V-regular then cf critv = cf o(v) in VI]G].

(4) (Gitik) If o(v) € [erit o, A(7)) and cf(o(P)) > crit(D) then cf crit v =

w in V|[G].
(5) If o(v) € [crit v, A(¥)) and cf(o(P)) < crit(v) then cfcritv =
cfo(v) in VI]G].
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(6) If o(v) = crit(v) then cferitv = w in VI]G].

(7) If o(v) = (V) then crit v is reqular in V[G].

(8) If o(v) = AN(#)*" then crit v is measurable in V]G].
(9) 277 = max{\(v), |e|}.

The extenders the above theorem can handle include supercompact
extenders and almost huge ones. Huge extenders are not covered by
the above theorem.

Thus for example, if we assume (E¢ | £ < wy) is a Mitchell increasing
sequence of extenders on x giving rise to a < k' t-closed elementary
embeddings (and no more), then in the generic extension x will change
its cofinality to wy, and k™ would be collapsed. Moreover, there is a
club of ordertype w; cofinal in x, and for each limit point 7 in this club
7t of the ground model is collapsed. The GCH would be preserved,
and no other cardinals are collapsed.

As another example, assume (E¢ | £ < wyq) is a Mitchell increasing
sequence of extenders on x giving rise to a < k' T-closed elementary
embeddings which are also k™ — strong (and no more), then in the
generic extension x will change its cofinality to w;, and k™ would be
collapsed. Moreover, there is a club of ordertype w; cofinal in k, and
for each limit point 7 in this club 7 of the ground model is collapsed.
In this case we get 2 = k™% and 27 = 771 for the limit points of
the club. In fact we have 2% = (k™) and 27 = (773)y, and we see
only gap-2 in the generic extension since k™ of the ground mode gets
collapsed as do all the 71 of the ground model. No other cardinal get
collapsed.

The structure of the work is as follows. In section 2 a formulation
of extenders useful for A-directed extenders is presented, and an ap-
propriate diagonal intersection operation is introduced. In section
the forcing notion is defined and the properties of it which do not rely
on understanding the dense subsets of the forcing are presented. In
section [4] claims regarding the dense subsets of the forcing notion are
presented. This section is highly combinatorial in nature. In section
the influence of O(E ) on the properties of k in the generic extension is
shown. The claims here rely on the structure of the dense subsets as
analyzed in section [

This work is self contained assuming large cardinals and forcing are
known.

2. A>-DIRECTED EXTENDERS AND NORMALITY

Assume the GCH. Let E = (E¢ | € < o(E)) be a Mitchell increasing
sequence of A-directed extenders such that A < jg, (k) is regular and
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A<% = X, where k = crit E. For each & < o(E) let Jge V. — M ~
Ult(V, E¢) be the natural embedding. Let € < jg, (k) be an ordinal.
(Typically e will be the largest V-cardinal below jg,(k).) Assume d €
[e]<* and |d|+1 C d. We let OB(d) be the set of functions v : domv —
ES such that k € domv C d, and if a, 8 € domv and a < [ then
v(a) < v(B). Define an order on OB(d) by saying for each pair v, u €
OB(d) that v < p if domv C domuy, |v| < fi(k), and for each o €
domv, v(a) < (k).
For £ < o(E) and a set d € [¢]<* let
mee(d) = {(jz (@), (@, (Eg | £ <€))) | a € d}.

Then define the measure E¢(d) on OB(d) by setting for each X C
OB(d), X € E¢(d) <= mce(d) € jg(X). For a set d € [e]<
let E(d) = M{E:(d) | € < o(E)}. Tt is clear F¢(d) is a r-complete
ultrafilter over OB(d) and E(d) is a k-complete filter over OB(d). In

addition to this, the filter £(d) has a useful normality property with a
matching diagonal intersection soon to be introduced.

Claim 2.1. If S C OB(d), v* € jg,(S5), and v* < mce(d), then there
is v € S such that v* = jg, (v).

Proof. We are given v* < mce(d). From the definition of the order
we deduce that domv* C ji d, || < mee(d)(jg, (k) = &, and for
each a € domv*, v*(a) < mce(d)(jg,(x)) = x. Thus there is e C d
such that |e| < s and domv* = jg e = jg,(e). Since for each o € e,
v (Je (@) < K we get jp (V" (jr (@) = v* (g (@))-

Set v = {(a, v*(jg(a))) | @ € e}. Then v* = jg (v). We get v € S
by elementarity from jg, (v) = v* € jg,(5). O

Assume S C OB(d) and for each v € S there is a set X (v) C OB(d).
Define the diagonal intersection of the family { X (v) | v € S} as follows:
AXv)y={reOB{)|VueS (p<v = veX()}

ves
Lemma 2.2. Assume S C OB(d), and for each v € S, X(v) € E(d).
Then X* = A,cq X(v) € E(d).

—

Proof. We need to show for each § < o(E), mce(d) € jg (X*). Le., we
need to show mce(d) € jg (X)(v*) for each v* € jg(S) such that
v* < meg(d). Fix v* € jg(S) such that v* < mce(d). There is
v € S such that v* = jg (v). Hence jp, (X)(v*) = jg (X (v)). Since
X(v) € E¢(d) we get mee(d) € jg (X (v)), by which we are done.  [J
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The diagonal intersection above can be generalized to work with
more than one measure in the following way. A set T'C "OB(d), where
n < w, is said to be a tree if the following hold:

(1) Each (v, ...,v,—1) € T is increasing.

(2) For each k < n and (v, ...,v,—1) € T we have (v, ..., 1) € T.
Assume T' C "OB(d) is a tree and (v) € T. Set T,y = {(1t0, -, fn—2) |
(V, poy - - - fin—2) € T'}. Denote the k-level of the tree T by Lev(T),

e., Levi(T) = T Nn*"'OB(d). We will use 7 as a shorthand for
(Voy ..., Un—1). For each U € T we define the successor level of 7/ in
T by setting Sucr(V) ={p |V peT}.

A tree S C "OB(d), with all maximal branches having the same

finite height n < w, is said to be an E(d)-tree if the following hold:

(1) There is £ < o(E) such that LeVO(S) € E¢(d).
(2) For each 7~y € S there is £ < o( E) such that Sucg(7) € Ee(d).

If S is a tree of finite height n < w then we write Lev,,.. S for Lev,, 1 S.
Assume S is an E(d)-tree, and for each 7 € Levy,.x(S) there is a set

X (7) € OB(d). By recursion define the diagonal intersection of the

family {X(7) | 7 € Levmax S} by setting A{X(7) | 7V € Leviax S} =

AX*(7) | 7 e L \%MS}wmms*—Sm”%Bw)wdxmmz
| v

AN X (i (v)) () }- The following is immediate.

Corollary 2.3. Assume S is an E(d)-tree, and for each 7 € Levyax(S)
there is a set X (V) € E(d). Then A X (V) | V € Levmax S} € E(d).

3. THE FORCING NOTION

A finite sequence (D, ..., 7;) € ““ES is said to be o-decreasing if it
is increasing and (o(2), . .., 0(7)) is non-increasing.

Definition 3.1. A condition f is in the forcing notion IP’}(E, €) if fis
a function f : d — <“ES such that:

(1) d € [e]<N

(2) d D (|d] +1).

(3) For each v € d, f(«) is o-decreasing.

Assume f,g € P}(E ,€) are conditions. We say f is an extension of g
<* ] D g.

For a condition f € IP’}(E) we will write E¢(f) and E(f) instead of

Ee(dom f) and E(dom f), respectively. If T C OB(e) and d C e then
Tld={v|d|veT)
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Definition 3.2. A condition p is in the forcing notion IF’*(E, €) if pis
of the form (f?,T?), where fP € IP”}(E, €), TP € E(fP?), and for each
v € TP and each a € domv, max fP(a) < v(k).

Assume p, q € P*(E, €) are conditions. We say p is a direct extension
of ¢ (p P*(E q) if f7 2 f?9and T? | dom f? C T9. We say p is a
strong direct extension of ¢ (p < <**
and fP = f4.

Since € and the sequence E are fixed througout this work we desig-
nate P*(E,¢) by P*.

Definition 3.3. A condition p is in the forcing P if p = (p, . . ) Dnr— 1),

Be(5.0 q) if p is a direct extension of ¢

where n? < w, there is a sequence (EP | i < nP) such that each E'is a
Mitchell increasing sequence of extenders, (crit(EF), . crlt(Enp 1)> is
strictly increasing, sup{ng-i)E (crit EP) | € < o(EP)} < crit EfH, A(EP) <
crlt(EHl) and for each i < n?, p; € P*(EP, ).

— 1 ’L
Assume p, g € P are conditions. We say p is a direct extension of ¢
(p <; q) if n? = n? and for each i < n?, p' <* ¢'. We say p is a strong

direct extension of ¢ (p <t* ¢) if n” = n? and for each i < n?, p* <** ¢’

The following sequence of definitions leads to the definition of the
order < (which is somewhat involved, hence the breakup to several
steps). If v € OB(d) we let o(v) = o(v(k)).

Definition 3.4. Assume f : d — <“ES is a function, v € OB(d), and
for each o € dom v, max f() < (). Define fuyy and fi)1 as follows.
(1) If o(v) = 0 then fry, = 0. If o(v) > 0 then f,,, is the function

g, where:
(a) domg =ranv.
(b) For each a@ € domv, g(v(a)) = (Tks1,---,Tn_1), Where

fla) = (Toy. oy Tne 1} and k£ < n is maximal such that
o(Tk) > o(v(a)). Set k = —1 if there is no k < n such that
o() > o((a)).
(2) Define fi)+ to be the function g where:
(a) dom g = dom f.
(b) For each o € domv, g(a) = (To,...,Tk), where f(«)
(Toy- -+, Tn—1) and k < n is maximal such that o(7)
o(v(a)). Set k = —1 if there is no k < n such that o(7)
o(v(a)).
By recursion define f,,. . = (fivor 1)) (i)t

Let us give several examples in order to clarify the above definition.
Since the definition works on each @ € dom f independently of the

VIV
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other we can concentrate on one such «. Thus assume

f@) = (a0, (€00, €01, €02)),
(o, (€10, €11)),
(a2, (€20)))-
Let us add (5, (e)) above f(«), then:

f(ﬁ»(@))?( ) <<040» <€007€01,602>>
<0417 <€10, €11>>
(a2, (€20)),
(B, (e)))
and
fiaens(B) = ().
Let us add (5, (e, 1)) above f(«), then:

f<67<eo,e1>)T(O‘) = <<0407 (60076017602»,
<C¥1> (610, 611>>,

<5’ <€07 €1>>>

and
f8.e0eni(B) = ({2, (e20)))
Let us add (3, (eo, €1, e2)) above f(«), then:

f(ﬁ,<60781,62>>T(a) = <<Oég, <6007 €01, 602>>a

<67 <607 €1, €2>>>

and

fig.eoereani(B) = ({au, (€10, €11)),
(a2, (€20)))
Finally let us Let us add (5, (eo, €1, €2, €3)) above f(a), then:
f<67<50761162763>>T<a> = <</87 <607 €1, €2, €3>>>
and
fi5.(eorer,enesyyt (B) = ({@w, (€00, €01, €02)),

<041, <€10,€11>>,

(a2, (€20)))
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Definition 3.5. The following definitions show how to reflect down a
function p € OB(d) using a larger function v € OB(d).
(1) Assume pu,v € OB(d), # < v, and o(u) < min(o(v),v(k)).
Define the function 7 = p | v € OB(ranv) by:
(a) domT = {v(a) | a € dom pu}.
(b) For each ¢ € dom T, 7(§) = u(a), were £ = v(a).
(2) Assume 7" C OB(d) and v € OB(d). If o(v) = 0 then set
Tuy, = 0. Ifo(v) > 0then Typyy ={plv|ipeT p<
v of) < min(o(v), #()}.
Definition 3.6. Assume p € P*(E) and v € T?. We define Py as
follows. Ifo( ) = 0 then pg,y, = 0. If o(v) > 0 then py,y, is the condition
q € P*(v ) defined by setting f? = f7, and T = T{’H Define p(,+ to
be the condition ¢ € P*(E), where f¢ = f<py>T and T7 = T&. Finally
set Py = (Pt D) )
Generalizing the above notation, if p =py ~--- 7" ---p, € P(F) and
v € TP then we let ppy =po™ -+ Pu—1” Png). By recursion we let
Pwo,...vr) = (p(Vo ~~~~~ Vk71>)<l’k>'

Of course for the above definition to make sense T{; W € zlj(ran V)
should hold, which we prove in claim [3.9

If T'C OB(d) hen we let <“T = {{vp,...,vp) | n < w, Vo,...,v, €
T, vg < -+ <Up}.

Definition 3.7. Assume p,q € P. We say p is an extension of ¢
(p <p q) if the following hold:

(1) n? > nq.

(2) {E?|j <ni} C{EY|i<n’}and EY,_, = E¥,_,.

(3) Foreachi < nthereis (v, ...,vp_1) € ““T% such that (pj 41, - .

Qi(vo,...vx_1)» Where i, jo and ji, are being set as follows. Let
j1 < nP satisfy Efl = Ef If i = 0 then set jo = —1. If i > 0
then let jo < j; satisfy E;’O = E7 .
Finally we give the definition of the forcing notion we are going to
work with:

Definition 3.8. P(E.¢) = {¢ <s p | p € P*(E,¢)}. The partial orders

* 3 M _ *
S]P,(E&) and gP(E,E) are inherited from <z and <3

Since € and the sequence E are fixed throughout this work we will
write P instead of P(E, €) throughout this paper.

Claim is needed in order to show the forcing notion defined above
makes sense.

7pj1> <
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Claim 3.9. If T € E(d) then X = {v € T | Ty, € b(rani)} € E(d).

Proof. We need to show X € E(d). Le., we need to show for each & <
o(E), X € Ee(d). Fix £ < o(E). We need to show mee(de) € JE(X).
Hence it is enough showing mce(d) € jg, (T') and jg, (T)mec @)y € E |
¢(d). Since T' € E(d) we have mce(d) € Je(T). So we are left with

showing jg, (T') (mee(a))y € E | £(d). From the definition of the operation
J we get

B (T) mee(ay, = {4 mee(d) [ € Jp(T), p < mee(d), o(p) < min(x, §)}.

Consider p € jg (T) such that p < mce(d). There is p* € T such
that = jg, (1*). Since for each p* € T such that o(u*) < & we have
i) L mee(d) = 1, we get i (T megans = {1 € T | o) < €} €
E T&(d). U

For each condition p € P let P/p = {q € P | ¢ < p}. It is immediate
from the definitions above that for each 0 < i < n” — 1 the forcing no-
tion P/p factors to Py x Pl, where Py = {¢° <p° | " " p' € P}, P, =
{¢" <p' [P ¢ €P}, p” = (po,-..,pic1), and p' = (pi,- -, Ppr—1)-
Together with the Prikry property (claim and the closure of the
direct order, one can analyze the cardinal structure in V¥ straightfor-
wardly.

If e O d we define W;é to be the inverse of the operation | d, i.e.,
for each X C OB(d) we let m_;(X) = {u € OB(e) |v [ de X}. If
[, g € P} are conditions then we write 7, L for ﬂ-dolm F.domg

We end this section with the analysis of the cardinal structure above
k in the generic extension: The cardinals between x and A are collapsed,
and A and the cardinals above it are preserved. The properties of
cardinals up to x will be dealt with in later sections.

Claim 3.10. P satisfies the AT -cc.

Proof. Begin with a family of conditions (p* | £ < A*). Without loss
of generality we can assume n? = n?"' for each &, & < A\*. Without
loss of generality we can assume <p§°, .. ,p&;go _2> = (pgl, . ,p&pgl_2>
for each &y, & < AT. Thus, without loss of generality, we can assume
n?* = 1 for each & < A*. By the A-system lemma we can assume
{dom f7* | € < At} is a A-system with kernel d. Since |d| < A we can
assume that for each &,& < At and a € d, f7(a) = f*" (). Fix

Co <& < AT Set f= frOuU T = ;; o 7 w;}pgl TP, and let
p=(f,T). Then p < p p*. 0
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Claim 3.11. I+ “There are no cardinals between k and \”.

Proof. Fix a V-regular cardinal 7 € (x, A). Fix a condition p € P such
that dom fP»*-1 D 7\k will hold. Let G C P be generic such that p € G.
Set C' = {V € ~“TP»-1 | p; € G}. Then sup{sup(r N{Jdom7) | 7 €
C} = 7. Since IF “|C| < k" we get p - “cf7 < K. O

Preservation of A\ will be proved by a properness type argument
(claim for which we need some preparation.

We say the elementary substructure N < H,, where x is large
enough, is k-internally approachable if there is an increasing contin-
uous sequence of elementary substructures (Ng | € < k) such that
N:U{Ng | E< /i}, for each & < &, Ng < HX7 |N§| <A, Ngﬂ)\e On,
P} € Ne, Nen 2 “"Neyr, and (Ne | £ <€) € Nesa.

We say the pair (NN, f) is a good pair if N < H, is a k-internally ap-
proachable elementary substructure and there is a sequence ((Ng, f¢) |
¢ < k) such that (Ng | £ < k) witnesses the r-internal approach-
ablity of N, f = U{fe | £ < K}, (fe | £ < k) is a <*-decreasing
continuous sequence in P}, and for each § < x, fe € [[{D € N¢ |
D is a dense open subset of P}}, fe € Neyq, and fe € Neyo.

Assume N < H, is an elementary substructure such that |N| < A,
N D ="N,P% € N, (vy,...,v5-1) € N,and D € N is a dense open sub-
set of P}. Then the set F' = {h € P% | domh D Uigk dom v, hyy,. vt €
D}, which is evidently in N, is also a dense open subset of 7.

Hence, if N < H, is an elementary substructure such that |[N| < A,
N DN, P; €N, fe (D € N |Dis a dense open subset of P},
f € N,and (v, ..., vp—1) € NNOB(dom f), then fi,, .. 1+ € (WD €
N | D is a dense open subset of P} }.

Hence if (N, f) is a good pair and (v, ...,vx—1) € N N OB(dom f),
then (N, fu,,..e 1)) 18 @ good pair also.

The following is immediate.

Claim 3.12. For each set X and f € P} there is a good pair(N, f*)
such that f* <* f and X, f € N.

Assume Y is large enough and N < H, is an elementary substructure
such that P € N. We say the condition p € N is N-generic if for each
dense open subset D € N of P we have plF “PNG NN # (7.

We say the forcing notion P is A-proper if for an unbounded set
of structures N < H, such that P € N and |N| < A, and for each
condition p € PN N there is a stronger N-generic condition.

The followig lemma shows a property stronger than properness.
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Lemma 3.13. Let N < H, be a k-internally approachable structure,
Pe N, andp € NNP a condition. Then there is a direct extension
p* <* p such that for each dense open subset D € N of P the set
{s"pz*m,m’yni1>T €D | {vy,...,Vp1) € VTP, s <* pz‘ﬁﬂ} is predense

below p*. Moreover, if s <* p><k17>¢ and SAPTVO,...,VWM € D then there is
a weaker condition q >* p?VOernfl)T such that s ~q€ DN N.

Proof. Let (N, f*) be a good pair such that f* <* fP»»-1 Choose a
set T € E(f*) such that (f*,T) <* ppw_i. Let (Dy | @ < [NJ|) be
an enumeration of the dense open subsets of P appearing in N. Let
((N,, f.) | © < k) be a sequence witnessing (N, f*) is a good pair. For
each (v, ..., vp_1) € <“T construct the set T%#0-1) as follows.

Fix 7 = (vy,...,v_1) € ““T. Let D = {D, | a € domuvy_4}.
Note D € N since |v,_1] < k and N 2O <*N. For each s € P(V‘k,l)
and D € D define the sets D, p, DV%@D, and D7 p, as follows: Let
g € D5, pifg < fr#-1, domg 2 domug_y, and s~ (g, T") € D

for some 1" € E(g). Let h € Dy, pif h L g for each g € D%, oo
Set D, = D5, ,UDz, . It is immediate DS, , and Dz, are
open subsets of P} below fP»*=1. Thus D}, is a dense open subset of

P% below frv-1. Set Dy = ({Dy,p | s € ]P’(y‘k,l), D € D}. Note
Dy € N is a dense open subset of P} below fP»*-1. Let ¢ < £ be minimal

such that v, D,D% € N,. Then f, € D5 N N,4;. Thus for each s €

]P(ll/k_l) and D € D either there is a set 775 € E(f,)N N, such that

s {fun, T?*P) € D or s ~(h,T") ¢ D for each h <* f,» and T" €
E(h) Set TV = ({T7*P | s € P(zl/k,l), D € D, s~ (fup, ") €
D}.

Set T* = A{?TJZ}JL(J)Tﬁ | V€ ST}, Set p* =p | nP — 17(f*,T%).
We claim p* satisfies the lemma. To show this fix a dense open subset
D € N and a condition q < p*.

Let a < |N| be such that D = D,. Without loss of generality

assume ¢ € D, Gua—1 < P,y (Vo ..., Vp—1) € <“T*, and a €
domuyg_1. Set s = q [ n?— 1. Thus ¢ = s~ (f9-1,Th-1) € D. Let
¢ < Kk be minimal such that (vg,...,v5_1),{Da | @ € domyy_1} € N,.

Since f™1-1 <* f s, We must have s“(fL<g),T’77S’D> € D, hence

LO PR
—~ % —~ %

57 Pigy € D. 1t is clear ¢ and s Dz are compatible. In addition
s {fum, T"*P) € N, thus we are done. O

Corollary 3.14. P is A-proper.

Corollary 3.15. I “\ is a cardinal”.
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4. DENSE OPEN SETS AND MEASURE ONE SETS

In order to reduce clutter later on, given a condition p € P*, we will
say a tree is a p-tree instead of saying it is an E (fP)-tree. If S is a p-tree
and r is a function with domain S then we define the function 7 by
setting for each 7 = (g, ..., v,) € S, 7 (V) =r(vo) ~ - " r(vo, ..., ).
A function r is said to be a (p, S)-function if S is a p-tree, for each
V€ Levemax S, T(V) <** ps)y, and for each 77 € Leviax S, 7(7) < psy.

4.1. One of the measures suffices. The aim of this subsection is
to prove claim [£.3] which together with corollary will allow the
investigation of the cardinal structure below x. Note the proof of corol-
lary depends on claim The following lemma, which is quite
technical, takes its core argument from the proof of the Prikry property
for Radin forcing.

Lemma 4.1. Assume p € P* is a condition, S is a p-tree of height
one, and r is a (p, S)-function. Then there is a strong direct extension
p* <** p such that {r(v) | (v) € S} is predense below p*.

Proof. We derive two functions rg and r; from the function r as follows.
By the definition of a (p, S)-function we know that r(v) <* p, for each
(v) € S. For each (v) € S work as follows. By the definition of py,)
we have two conditions po(v) and p; () such that pyy = po(v) = p1(v).
Thus r(v) <* po(v) ~ p1(v). By the definition of the direct order there
are two conditions ro(v) and r1(v) such that r(v) = ro(v) = ri(v),
ro(v) <* po(v) and ri(v) <* pi(v). Thus we have the definition of
the functions r¢ and ry.

Fix £ < o(E) so that S € E¢(f?) will hold. We collect the informa-
tion from the sets 770®) and T ) into the sets T* and R, respectively,
as follows.. The information from the sets 771 *)’s is collected by setting
R=2pyes TN, By lemma .2 R € E(f7).

The information from the sets T(0®)’s is collected into the set T*
as follows. The set T* will be the union of the three sets 79 T*, and
T2, which we construct now.

(Note that if we were dealing with classical Radin forcing then the
sets 79, T, and T2, would have been as follows:: T° would be a measure
one set in the sense of the measures with indices below &, T would
have been a measure one set in the sense if the £&-th measure, and 72
would have been a measure one set in the sense of the measures with
indices above &.)

_ i (o) (mee (7))

The construction of T is easy. Set T° . It is obvious

T0 € E [ £(f7).
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The constructin of T is slightly more involved than the construction
of T°. Set TV = {(v) € S| T}, = T}, From the construction
of TV it is clear TV € E¢(fP). For each p € T° set X(u) = {{(v) €
Slpu<v, pulveTr™l From the construction of T we get
X(u) € Ee(f?). Set T' ={v eTV |VueT’ (pn<v = ve X))l
We show T" € E¢(f?). Thus we need to show mc(f?) € jg (T").
Since mce(f?) € jg, (TV) it is enough to show that if p € jg (17)
and p < mee(fP) then mee(f?) € jg (X)(p). So fix p € jg (T°)
such that ¢ < mee(f?). Then |u| < k, domp C jg (dom f7), and
supranfi < k. Necessarily there is p* € T such that p = jg (u*).
Hence jg, (X)(1) = jr (X (1)) > mee(fP), by which we are done.

We construct now the set T2, For each u € R set Y(u) = {v |
pe Ry, | veTY, Ryypiw, € v(domp)}. Now let T2 = {u € R |
Ir < o(u) Y(u) € ;‘/JT(dom,u)}. We show T?% € E¢(f?) for each ¢ > &.
We need to show for each ¢ > &, mc¢(f?) € jg (T?). Fix ¢ > £ We
show mc¢(f?) € jg (T?). It is enough to show there is 7 < ¢ such that
Je(Y)(mee(fP)) € E-(f?). We claim & can serve as the needed 7 < (.
Thus it is enough to show jg (Y)(mce(fP)) € E¢(f?). Hence we need
to show

{v L mee(f?) € je (R) me oy | v € G (TY),
. |
JB (R) e (s biwdmec (prys. € v(domv)} € Ee(f7).

Note R* = jp (R)mec(fr))l € E | ¢(fP), and if v € je (T") and v <
mc(f?), then there is v* € T such that v = jg (v*). Moreover,
v* = v | mce(f?). Hence it is enough to show

{v" € R* | v* € T, Rj.y, € v*(domv*)} € Be(f7).

We are done since the last formula holds.

Having constructed T7°, T', and T? we set p* = (f?,T* N R). We
will be done by showing {r(v) | v € S} is predense below p*. Assume
q < p*. We need to exhibit v € S so that ¢ || 7(v). We work as follows.
Fix (1o, - . ., pn_1) € <“T?" such that ¢ <* Plug....ym_1y- There are three
cases to handle:

(1) Assume there is i < n such that (ug, ..., 1) € <“T° and p; €
T'. The construction of T yields {uo, ..., ui—1) € T") and
the construction of R yields {fi1, ..., ftn_1) € “*TT") Hence

70 (1) (woserpis 1) T1 (1) (i1 pin—ry a0 ¢ are <*-compatible, by
which this case is done.
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(2) Assume {pg, ..., pn_1) € ““T°. By the construction of T" the
set X = {veT" | (uo, . pm) + v € T, } € Ee(f7).
Choose v* € T%"-1 such that v = v* | f? € X. Then g <*
Pluosenspin_1,v)- NOW We can procced as in the first case above.

(3) The last case is when there is i < n such that (uo,...,ui—1) €
<“TY% and p; ¢ T° UT'. By the construction of T? there is
T < o) such that Y =Y (y;) € ,lei.r(dOm p;). Hence there are
pir(dom p;)-many v | u; such that v € TY, v | u; € T;,,, and
Ty 1wy, € v(domv).

Thus there is ¢* € T% such that 0 = ¢* | dom fP: € Y, where
o=vlpand v e T Thus quy <* Diuo i 1wpiiron_1) a0d
we can proceed as in the first case above.

O

Corollary 4.2. Assume p € P is a condition, S is a ppr_1-tree of
height one, and r is a (ppr—1, S)-function. Then there is a strong direct
extension p* <** p such that p* | n?» —1 =p [ n? — 1 and {p |
n? — 17 r(v) | (v) € S} is predense open below p*.

Generalize the notions of p-tree and (p, S)-function to arbitrary con-
dition p € P as follows. By recursion we say the tree S is a p-tree if
there is n < w for which following hold:

(1) Lev_,(S) is a p | n? — 1-tree.

(2) For each v/ € Lev,,_1(5), Sz is a ppr_1-tree.
Let p € P be an arbitrary condition. By recursion we say the function
r is a (p, S)-function if there is n < w such that:

(1) S is a p-tree.

(2) Lev<n( )isap [ n? — l-tree.

(3) r | Leve,, S is a (Lev., S,p [ n” — 1)-function.

(4) For each 7 € Lev,,_1(5) the function s with domain Sy, define
by setting s(ji) = r(V ™ i), is a (pur—1, S(m))-function.

Claim 4.3. Assume p € P is a condition, S is a p-tree, and r is a
(p, S)-function. Then there is a strong direct extension p* <** p such
that {7(V) | V € S} is predense below p*.

Proof. If S is a p,»_1-tree then we are done by corollary Thus
assume there is n < w such that Lev_,, Sis a p [ n? — 1-tree. Construct
the strong direct extension ¢(7) <** py+ and the (py, Sy )-function
sy for each v € Lev,,_; S as follows. For each v € Lev,,_1 S let sz be the
function with domain S defined by setting sz(fi) = r(7 ™ fi) for each
fi € Si. By corollary there is a strong direct extension g(7) <**
Pyt such that {sy(f) | [i € Levimax(S(7))} is predense below (7). Let
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q <™ pw_1 be a strong direct extension satisfying ¢ <** ¢(7/) for each
v € Lev,_1(S). Hence {sz(f) | i € Levmax(S(¥))} is predense below
q for each 7 € Lev, 1 S. Hence {7(V) " sp(ii) | fi € Levmax S(P)} is
predense below 7(7) ~ q. Let p* <** p be a strong direct extension such
that pf,_; = qand p* [ n? —1 <** p | n? —1 is a strong direct extension
constructed by recursion so as to satisfy {7(¢) | ¥ € Lev,_1 S} is
predense below p* | n? — 1. Necessarily {7(¥) | U € Levpga S} is
predense below p* 0

4.2. Dense open sets and direct extensions. In this subsection
we prove corollary which is the basic tool to be used in the next
section to analyse the properties of the cardinal x and the cardinal
structure below it.

An essential obstacle in the extender based Radin forcing in compar-
ison to the plain Radin forcing is that while in the later forcig notion
if we have two direct extensions ¢, <* p then ¢ and r are compatible,
in the former forcing notion this does not hold. This usually entails
some inductions, taking place inside elementary substructures, which
construct long increasing seqeunce of conditions from P}, which at the
end will be combined into one conditions. This method breaks if the
elementary substructures in question are not closed enough (which is
our case if we want to handle A\ successor of singular). The point of
lemma [4.7]is to show how we can construction a condition p such that
if a direct extension ¢ <* p has some favorable circumstances then the
condition p will suffice for this circumstances. This will enable us to
work more like in a plain Radin forcing.

So as we just pointed out, we aim to prove lemma [4.7, This lemma
is proved by recursion with the non-recursive case being lemma [£.4]
Since the notation in lemma [£.7) is kind of hairy we present the cases

k=1 and k = 2 in lemma [£.5] and lemma [1.6] respectively.

Lemma 4.4. Assume (N, f*) is a good pair and D € N is a dense
open set. Let p € P be a condition such that fP»»-+ = f*. If there is an
extension s < p [ nP — 1 and a direct extension q <* p,»_1 such that
s q € D then there is a set T* € E(f*) such that (f*,T*) <** puw_
and s~ (f*,T*) € D.

Proof. Assume s < p [ nP —1,q¢<*pw_1,and s q € D. Set D¢ =
{g | 3T € E(g) s (9,T) € D} and D+ = {g | Vh € D€ g L h}.
Then D+ € N is open by its definiton and D€ € N is open since D
is open. The set D* = D€ U D+ € N is dense open, hence f* € D*.
Since f* > f? € D€ we get f* ¢ D*, thus f* € DE. d
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Lemma 4.5. Assume (N, f*) is a good pair, D € N is a dense open
set, and p € P is a condition such that fP»-1 = f*. If there is an
extension s < p [ nP —1 and &£ < O(E) such that {v € TP»-1 | 3¢ <*
Prv—1w) S q € D} € Ec(f*), then there is a py»_1-tree S of height one,

and a (ppr_1,S)-function r, such that for each (v) € S, s~ r(v) € D.

Proof. Assume X = {v € TP-1 | 3¢ <* ppo_10y s q € D} € E¢(f*).
Set

D€ = {g | 3T € E(g), there is a (g, T)-tree S of height one and
a ((g,T), S)-function r such that V(v) € S s~ r(v) € D}

and D+ = {g | YVh € DS g L h}. Then D+ € N is open by its
definiton and D€ € N is open since D is open. The set D* = D€ U
D+ € N is dense open, hence f* € D*. For each v € X fix a direct
extension t(v) <* ppr_14)y, and a direct extension q(v) <* ppr_10)4
such that s ~t(v) ~¢q(v) € D. Since (N, f(*u)T> is a good pair we get by
the previous lemma a set T'(v) € E(fngW) satistying (f7,,, T'(v)) <™
Par—1pyr and s 7 t(v) “( [}, T(v)) € D.

Set g = f*U ijﬁ(t)(mcﬁ(f*)). Set X* = W;}*(X). By removing a
measure zero set from X* we can assume for each v € X*, g,y =
fidom ) Choose a set T € E(g) such that (g, T) <* pp_1. De-
fine the funcrion r with domain X* by setting for each v € X*,
r(v) = (g, TE1OmIN AT ) (g, 7, 1T (v)NT). Note r(v) <
(9, T) ), thus 7 is a (g, X*)-function. Since D is open we get for each
v e X sTr(v) € D. Thus g € D€. Since g < f* € D* we get
f*e DE. O
Lemma 4.6. Assume (N, f*} is a good pair, D € N is a dense open set,
and p € P is a condition such that fPr?-1 = f*. If thereiss <p [ nP—1
such that {(vo, 1) € *TP"=1 | 3¢ <* Puo_1(0om) S~ q € D} is an E(f*)-
tree, then there is a p,_1-tree S of height two, and a (ppr_1,S)-function
r such that for each (vo,11) € S, s~ vy, 1) € D.

Proof. Assume X = {{vg,1n) € 2TPw-1 | Is < p | n? — 1 Jq <*
Prp—1(von) ¢ € D} is an E(f*)-tree. Set
D€ = {g | 3T € E(g), there is a (g, T)-tree S of height two and
a ((g,T),S)-function r such that
v<U0, V1> €S SAF(I/(), Vl) € D}

and Dt = {g | Vh € DS g L h}. Then D+ € N is open by its
definiton and D€ € N is open since D is open. The set D* = D€ U
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D+ € N is dense open, hence f* € D*. For each (1, 1,) € X fix a
direct extension t(vy, 1) <* Pur_10), @ direct extension to(vp, 1) <*
Prr—1(vo)t (1)) and a direct extension q(vo,vy) <* Prr—1(vo,n )t Such that
s " t(vg, 1)~ to(vo, v1) T q(vo, 1) € D. For each vy € Levy(X) we can
remove a measure zero set from Sucx (1) so that we can assume there
is a direct extension ¢(vo) <* pr,_y(,,, such that t(vg) = t(vo,11) for
each 11 € Sucx(vp). By the previous lemma there is a pue_1,)1-tree
S(1p) of height one, and a (ppr—14,)1, S(10))-function 7, satisfying for
each vy € S(vy), s ™ t(vy) ~ 1y (1) € D

Set g = f* U fEeOmslD) where Levo(X) € Ee(f*). Set X* =
{{vo, 1) | vo € T;ch* Levog(X), 1y € W;}*S(VO [ dom f*)}. By removing
a measure zero set from Levy(X*) we can assume for each 1y € X*,
Gy, = fH019omI) - Choose a set T € E(g) such that (g, T) <*
pyo_1- For each vy € Levo(X™) let 7, be the function with domain
Sucx-(vy) defined by shrinking the trees in r,, so that both r}, (v;) <*
Tuodom f+ (V1 [ dom f*) and 7, (v1) <** (g, T) (we)1(y) Will hold for each
11 € Sucys(1p). Define the function r with domain X* by setting for

each (v, 1) € X*, r(1p) = <9<uo)¢>T(uo)imﬂg_(iowff(uordomf*>T(t(V0 [dom /7))

and r(vy, 1) = 1, (11).

Note 7(vo, v1) < (9,T) (o0, thus 7 is a (g, X*)-function. Since D
is open we get s~ 7 (vp, 1) € D for each (vy, 1) € X*. Thus g € D€.
Since g < f* € D* we get f* € DE. O

As discussed earlier, the following lemma is the intended one, with
the previous ones serving as an introduction to the technique used in
the proof.

Lemma 4.7. Assume (N, f*) is a good pair, k <w, D € N is a dense
open set, and p € P is a condition such that fPr?-+ = f*. If there is
s < plnP—1 such that {7 € *TPw-1 | Jq <* Prr—1(7y S q € D} is an

E(f*)-tree, then there is a ppe»_1-tree S of height k, and a (pup_1,.5)-
function r such that for each UV € Levyay S, s~ 7(V) € D.

Proof. Assume X = {{p) "7 € *Tppw_y | I¢ <* Prr—1((uy—~5) S q €
DY} is an E(f*)-tree. For each (u) ™7 € X fix a direct extension
t(pe (V) <" par—1qwy and a direct extension q(p ™ 7) <* Ppr—1(uy1(m)
such that s ™ t((u) ~7) " q({(u) ~7) € D. For each p € Levy(X)
we can remove a measure zero set from X,y so that we will have
a direct extension t(p) <* ppr_1¢w, such that t(u) = t((u) = ) for
each 7 € Xy,). By recursion there is a pnr_y(-tree S(u) of height
k—1, and a (pur_1(u1, S(p))-function r, satisfying for each 7 € S(u),
s~ t(p) " ru(v) € D.
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Set g = f*u f]Eﬁ (mee(7) " where Levo(X) € Ee(f*). Set X* =

W=7 | u e Lo, 7 Tl (S(n | dom 7))} By re-
moving a measure zero set from Levy(X*) we can assume for each
€ X*, gy, = fedom) - Choose a set T € E(g) such that

(9.7) <* ppr—1. For each p € Levo(X™*) let 7, be the function
with domain X<*u> defined by shrinking the trees in 7, so that both
fL(ﬁ) S** Fu[domf* (17 r X(y){domf*) and TL(I;) S** <g’T>(N>T<l7> will hold
for each vV € X Z‘m. Define the function r With domain X* by setting

for each (u) =7 € X*, r(n) = (g1 Tin >¢ﬂ7r T (Huldom f7))y
and r({u) ~ V) = 1, (V).

Note (1) = 7) <™ (g, T) ((uy ~ », thus r is a (g, X*)-function. Since
D is open we get s~ 7({u) ~v) € D for each ((u) ~7) € X*. Thus
g € DE. Since g < f* € D* we get f* € DE. O

ft(u [dom f*)

Lemma 4.8. Assume (f,T) € P is a condition, k < w, and S C *T is
not an E(f)-tree. Then there is a set T* € E(f) such that (f,T*) <*
(f,T) and *T*N S = 0.

Proof. By removing measure zero sets from the levels of S we can find
n < k so that the following will hold:

(1) For each | < n and (vy,...,y_1) € S, Sucs(vy, ..., ) € Ec(f)
for some & < o(E).
(2) Foreach (v, ...,vn-1) € S, Sucs(vp, ..., vn—1) & Ee(f) for each
£ <o(E).
Shrink 7" so that {{f,T)wy,..un_1) | (Yo, Vn-1) € Lev,(S)} is pre-
dense below (f,T). We are done by setting A = A{T\Sucg, (v, ..., Vn-1) |
(Vo ... Vp—1) € Sptand T =T N A. O

Corollary 4.9. Assume (N, f*) is a good pair, D € N is a dense
open set, and p € P is a condition such that fPr?-1 = f*.  Assume
s<p|nP—1. Then one and only one of the following holds:

(1) There is a ppr_1-tree S, and a (pno—1,S)-function r, such that
for each U € Levya, S, s~ (V) € D.

(2) There is a set T* € E(f*) such that (f*,T*) <** pp_1 and for
each 7 € <“T* and ¢ <* (f*,T*)@, s ~q ¢ D.

It is about time we get rid of the conditional appearing in the former
statements show we have densely many times p,»_1-trees and functions.

Claim 4.10. Assume D € N 1is a dense open set, and p € P is a
condition. Then there is an extension s < p [ n? —1 and k < w so that

{7 € TP | 3¢ <* pw_1(» s~ q € D} is an E(f?)-tree.
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Proof. Towards contradiction assume the claim fails. Then for each
s <pln’—1and k < w the set S(s,k) = {¥ € "TPr—1 | 3¢ <*
Por—1(7y S ¢ € D} is not an E(fP)-tree. Thus there is a set T'(s, k) €
E(frw-1) satistying *T'(s, k) N S(s, k) = 0. Set T* = ({T'(s,k) | k <
w, s < p [ nP—1}. Consider the condition p* = p [ n?—1 7 (fPnr-1 T*).
By the density of the set D there is an extension s < p | n?—1, 7 € *T*,
and ¢ <* Pro—1(7)> such that s~ ¢ € D. Hence v € S(s, k). However

"N S(n, k) = 0, contradiction. O

Corollary 4.11. Assume (N, f*) is a good pair, D € N is a dense
open set, and p € P is a condition such that fPr*—1 = f*. Then there
1s a maximal antichain A below p [ n? — 1 such that for each s € A
there is a ppr_1-tree S and a (ppp_1,S)-function r, such that for each
V€ Levyay S, s~ F(V) € D.

Corollary 4.12. Assume D € N is a dense open set and p € P is a
condition. Then there is a direct extension p* <* p, a p*-tree S, and a
(p*, S)-function r such that for each U € Levm.x(S), 7(V) € D.

5. kK PROPERTIES IN THE GENRIC EXTENSION
Claim 5.1. The forcing notion P is of Prikry type.

Proof. Assume p € P is a condition and o is a formula in the P-forcing
language. We will be done by exhibiting a direct extension p* <* p such
that p* || 0. Set D ={q <p| ¢ o} The set D is dense open, hence
by corollary there is a direct extension p* <* p, a p*-tree S, and
a (p*, S)-function r, such that for each 7 € Levy. S, 7(¥) € D. Set
Xo = {V € Leviax S | 7(V) IF mo} and X; = {V € Levpax S | (V) IF
o}. Since the sets X, and X; are a disjoint partition of Levp.x S,
only one of them is a measure one set. Fix ¢ < 2 such that X, is a
measure one set. Set S; = {(vo,..., ) | (to,... 1) € Xy, k < n}.
Using claim shrink the trees appearing in the condition p* so that
{F(V) | 7 € Levyax Si} is predense below p*. Thus p* I- o;, where
o9 = “—0” and o1 = “o”. ]

Lemma 5.2. IF “k is a cardinal”.

Proof. 1f o(ﬁ) = 1 then there are no new bounded subset of x in V¥,

—

hence no cardinal below & is collapsed, hence & is preserved. If o(E) > 1
then an unbounded number of cardinals below « is preserved, hence s
is preserved. U

Claim 5.3. If o(E) < & is reqular then |+ “cf k = cfo(E)”.
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Proof. Tt is immediate IF “cf k < cfo(E)”. Hence we need to show
Ik “cf i # cfo(E)”. Assume o < s and p - “o < cf o(E) and fio—
k”. We will be done by exhibiting a direct extension p* <* p such that
p* Ik “f is bounded”. Let (N, f*) be a good pair such that p, f,oc € N
and f* <* fPnP-1. Shrink TP"-1 so as to satisfy for each v € TPnP-1
v(k) > 0.

Factor P as follows. Set Py ={s<p[n’—1|3¢<pw_1 5 q€P}
and Py ={q¢ <pw_1|3s<p[nP—1s"qeP}. Foreach¢ < o work
as follows. Set D¢ = {q < ppr—1 | There exists a Py-name p such that g l-p,

“i(f) = B”}. Since D¢ € N is a dense open subset of P below
pnr—1 there is a a direct extension p® = (f*,T¢) <* pw_1, a p°-
tree S¢, and a (p*, S¢)-function ¢ satisfying for each 7 € Levyax S¢,
7e(7) € De. Thus for each 7/ € Levya S¢ there is a Py-name p~” so

that 7% () Ikp, “f(€) = p~7”. Since |Py| < & there is (*7 < r such that
P rnp -1 ”_P upg,ﬁ < Cf,ﬁn

Let me be a function witnessing S¢ is a pu»_1-tree, i.e., me : {0} U
Levomax S — o(E) is a function satisfying for each 7 € dommy,
Sucs (V) € B (fPr*~1). (We use the convention Sucg(()) = Levo(S).)
Since o(E) < k we can remove a measure zero set from S (and
dom myg) and get for each vy, 7, € dommé¢, if |Fp| = |71] then me (7)) =
me(71). Thus |ran m§| < w. Set 7¢ = supranmg. Shrink 7% so that
{Fe(V) | 7 € Leviax S¢} is predense below pt. Note, if u € Levo T,
UV € Levpax Sf, o(u) > 7 and U £ p, then 7(U) L pw). Hence
plnP—17 p Y “f6) < sup{¢®” | 7 € Leviayx S, 7 < u}”.

Set T* = ﬂéqT and p* =p [ n? — 17(f*,T*). We claim p* IF
“f is bounded”. To show this set 7 = sup{7¢ | { < o}. Note 7 < o(E).
Since {p* | p € T, o(u) = 7} is predense below p* it is enough to
show that Pl IF “f is bounded” for each 1 € T* such that o(u) = 7.

So fix pu € T* such that o(u) = 7. Set ¢ = sup{¢®’ | € < o,V €
Levmax S¢, 7 < pu}. Note ¢ < k. We get for each & < o, Py <"l

n’—17 p ) IEEf(©) < sup{¢&” | 7 € Levpax S5, 7 < u} < ( < K”. O

Claim 5.4 (Gitik). If o(E) € [k, A) and cf(o(E)) > &k then IF “cf k =

w?”.

Proof. Fix a condition p € P such that O(E) + 1 Ce€ dom fPr»-1. Par-
tition 7P-1 into o(E) disjoint subsets {A¢ | £ < o(E)} by setting for
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—

each £ < o(E),
Ac={v e TP | e domvy, o(v(k)) = otp((domv)NE)}.

Let G be generic. Choose a condition p € G. Let (¢ | £ < k) be the in-
creasing enumeration of the set {vg, ..., vk [ [ 7P =17 pur_100g,..0) €
G}. Set (o = 0. For each n < w set (41 = min{¢ > ¢, | v €

sup((dom ve )no(E))} . We are done since k = sup,,,, (- U

Using the same method as above we get the following claim.
Claim 5.5. Ifo(E) € [r, ) and cf(o(E)) < k then I+ “cf s = cf(o(E))”.
Claim 5.6. If o(E) = \ then |- “% is reqular’.

Proof. Assume o < k and p I- “f : 0 — 7. We will be done by
exhibiting a direct extension p* <* p such that p* I “f is bounded”.
Let (N, f*) be a good pair such that p, f,o € N and f* <* fPor-1,
Shrink TP»"-1 g0 as to satisfy for each v € Levy(T?*-1), v(k) > o.
Factor IP’(E) as follows. Set Py ={s<p[n’—1|3g<pmw_15 q€
P(E)} and Py = {q < ppr—1 | Is <p | n? —1s~q € P(E)}. For each
§ < o work as follows. Set D¢ = {q < pp»—1 | There exists a Fy-name p such that q IFp,
“f(§) = p’}. Since D¢ € N is a dense open subset of P below
par_1 there is a a direct extension p* = (f*,T¢) <* pw_1, a pt-
tree S¢, and a (p%, S®)-function 7, satisfying for each 7 € Levyay S%,
7e(7) € De. Thus for each 7 € Levyax S¢ there is a Py-name B&ﬁ SO

that 7 () IF “f(€) = p~7. Since |Py| < & there is ¢(*” < k such that
plnP—1lFp “Bf’ﬁ < (&7,

Let m¢ be a function witnessing S¢ is a p»_1-tree, ie., me : {0} U
Levemax S — O(E) is a function satisfying for each 7 € domm,
Sucs (V) € Bz (fPr*~1). (We use the convention Sucs(()) = Levo(S).)
Since A = o(E) is regular and |S¢| < A we get Te = supranmg < A.
Shrink 7% so that {7¢(7) | 7 € Leviyax S¢} is predense below p. Note,
if pw € TS U € Levya S, o(u) > fi(1e) and 7 £ p, then 7(7) L pfm.
Hence p [ n? — 1 “pfm IF“f(€) < sup{¢*” | 7 € Levimax S¢, 7 < i}

Set T* = e, T¢ and p* = p [ n? — 17(f*,T*). We claim p* |-
“f is bounded”. To show this set 7 = sup{re | £ < o}. Note 7 <

—

o(E) = A. Since {p{, | p € T*, o(n) = iu(7)} is predense below p*

it is enough to show that p, I- * J is bounded” for each p € LevoT™

such that o(u) = (7). So fix u € Levg T™* such that o(u) = (7). Set
¢ =sup{C*’ | € < 0,7 € Levpa S¢, 7 < p}. Note ¢ < k. We get
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for each & < o, pf,, <" p [ n? =17}, b “f(§) < sup{¢*” | 7
Leviyax 56,7 < pu} < ( < K. O

Definition 5.7. An ordinal p < O(E) is a repeat point of E if for each
d € [, Ney Be(d) = Neco(s) Beld)-

Lemma 5.8. Assume p < O(E) is a repeat point of E.

(1) If p,q € P are compatible then jg,(p)me, ) 7d jE,()me,(e)
are compatible.
(2) Assume IFp “A C k7. Then for each p € P there is a direct

extension p* <* p such that jg,(P*)me, ) | & € jg,(4)7.

Proof. (1) Let r < p,q. By definition of the order there are ex-
tensions p’ < p and ¢ < ¢ such that r <* p/,¢. By ele-
mentarity jg,(p") me, ) < JE,(P)me, () a0 75, (@) (mepq)) <
JE,(@) e, (¢))- Thus we will be done by showing jz, (p') tme, )
and jg,(q") (me,(¢)) are compatible.

So, without loss of generality assume p and ¢ are <* compat-
ible. By elementarity jg,(p) and jg,(q) are compatible. Note

pnpfl = jEp (pnpfl)<me(pnp71)>\L

and

qanl = jEp (qnq71><mcp(an71)>~L.
Then

3B, (P) (meppup_1)) =P {TE, (Prv—1) (me, (pp_1))1)

and

T8, (@) tmey(ana1)) = 4 {78, (@na-1) fmey(gua-1)1)-

We are done.

(2) Let (N, f*) be a good pair such that f* <* fP»»-1 and p, A € N.
Set T = 7r;1 fpn,,_lT P, Fix v € T and consider the condition
p [ n? —17(f*"T)u). By the Prikry property there are s <*
p I nP—1r < (fT)wy,, and ¢ <* (f*,T)u)r such that
sTrq| “v(k) € A”. Since the set {t < p |t | “v(k) € A"}
is dense open below p and belongs to NV, we get by lemma |3.13
that there is a set T} () € E(f*) such that s ™ r “foy i) |l
‘v(k) € A”.

Thus for each v € T there is s(v) <* p [ n? — 1, r(v) <*

(f*, T}y, and Th(v) € E(f) such that s(v) = r(v) = (f{,, T1(v)) ||
‘v(k) € A”. Wecan find aset T, € E,(f*) and s <* p [ n?—1
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such that for each v € T_,, s(v) = s. Thus for each v € T_,,
sTrw) ~(fly Ti(v)) || “v(k) € A7. Then by removing a mea-
sure zero set from 7_, we can have either

VweTo, s rw) {(fiyn Tiw) - “v(k) € A”
or
VweT, s rw)” (fiyn Tiw) IF “v(k) ¢ A7

Let g = f*U OG0 Set T* = 7L Timm sl n
W;Jl”* AVGT:p Ti(v). Setting p* = s (g, T*) we get for each
v e Tz, pl,, <° s r(w) " (f, Ti(v)). Thus by removing
a measure zero set from T, we get either

Vv e T2, ppy - “v(k) € A7
or

Vv e TZ, p,y - “v(k) ¢ A7

7

Going to the ultrapower we get jg,(p*)me, (o)) || “< € Jje,(4)".
0

Corollary 5.9. Assume p < O(E) is a repeat point of E. Then IF
“k is measurable”.

Proof. It G C P is generic then it is a simple matter to check that
U={AlG]|p e G, ju,(P) ey - K € (Prr—1) € jE,(A)7}

is the witnessing ultrafilter. U

Claim 5.10. If o(E) = AT then IF “ is measurable”.

Proof. By the previous corollary it is enough to exhibit p < A™* which
is a repeat point of E. Fix d € []<* and consider the sequence
(Nerce Ber(d) | € < ATF). This is a C-decreasing sequence of filters
on OB(d). Since there are AT filters on OB(d) there is p; < ATt such
that ., Be(d) = Neoyer Be(d). Set p=sup{pa | d € []**}. Then p

is a repeat point of E. ([l
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